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Abstract. The effect of spatial curvature on primordial perturbations is controlled by ΩK,0/c2s,
where ΩK,0 is today’s fractional density of spatial curvature and cs is the speed of sound during
inflation. Here we study these effects in the limit cs  1. First, we show that the standard
cosmological soft theorems in flat universes are violated in curved universes and the soft limits
of correlators can have non-universal contributions even in single-clock inflation. This is a
consequence of the fact that, in the presence of spatial curvature, there is a gap between the
spectrum of residual diffeomorphisms and that of physical modes. Second, there are curvature
corrections to primordial correlators, which are not scale invariant. We provide explicit formulae
for these corrections to the power spectrum and the bispectrum to linear order in curvature in
single-clock inflation. We show that the large-scale CMB anisotropies could provide interesting
new constraints on these curvature effects, and therefore on ΩK,0/c
2
s, but it is necessary to go
beyond our linear-order treatment.
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1 Introduction and summary
The corroborated assumption that our universe is homogeneous and isotropic on large scales
highly restricts the form of the spacetime metric. The only unknowns are the scale factor, whose
evolution is dictated by Einstein equations, and the comoving spatial curvature K, which is fixed
by the boundary conditions. General relativity gives us no guidance in choosing a specific value
of K and so it is important to derive predictions for observables for generic values of K and
confront them with cosmological data. Current bounds constrain spatial curvature today to be
at the per mille level or smaller [1]
ΩK,0 ≡ K
a20H
2
0
= 0.0007± 0.0019 (68%, Planck + BAO) . (1.1)
But our cosmological model gives us also an estimate for a lower bound on the absolute value of
ΩK . This comes from the local effect of superHubble curvature perturbations. More specifically,
it has been measured that subHubble curvature perturbations have an amplitude of about
2 × 10−9 and an approximate scale-invariant spectrum. It is natural to expect that these
perturbations continue to exist on superHubble scales. To leading order, the effect of these
superHubble perturbations on our Hubble patch is to induce spatial curvature and a tidal force
on Hubble scales (this follows from using Fermi normal coordinates [2, 3] or more conveniently
their cosmological generalisation known as conformal Fermi coordinates [4, 5]). An estimate for
the local spatial curvature in our Hubble patch due to superHubble fluctuations then is
|ΩK | ∼ 〈Ω2K〉1/2 =
2
3H20
[∫ H0
0
d3k
(2pi)3
d3k′
(2pi)3
〈k2ζ(k)k′2ζ(k′)〉
]1/2
(1.2)
=
2
3H20
[∫ H0
0
dk
2pi2
k6P (k)
]1/2
(1.3)
=
2
3H20
[∫ H0
0
dkk3∆2ζ
]1/2
=
∆ζ
3
' 1.5× 10−5 , (1.4)
where we used the relation1 K = −(2/3)∇2ζ. An anisotropic tidal field is expected at a
comparable level. Even though the above explicit estimate assumes a scale invariant power
spectrum on all superHubble scales, the integral is dominated by scales that are around the
current Hubble radius and so is quite insensitive to changes in the spectral index for ultra-long
wavelengths.
The effect of curvature on cosmological observables such as the Cosmic Microwave Background
(CMB) or Large Scale Structures (LSS) has been well studied in the literature and many existing
numerical Boltzmann codes already allow one to include spatial curvature in solving cosmological
perturbation theory. All effects of curvature during the hot big bang are controlled by the
parameter ΩK(t), evaluated at the relevant time for the given observable. As is well-known,
ΩK(t) is an increasing function of time in decelerated cosmologies. As a consequence, what
controls the effect of curvature in the late universe is bounded by the value of curvature today
ΩK(t) . ΩK,0.
What motivated this paper is the observation that the effect of curvature on primordial pertur-
bations from inflation is controlled instead by ΩK,0/c
2
s. Therefore, if primordial perturbations
had a small speed of sound, cs  1, then they could provide a very sensitive probe of spatial
curvature. This dependence on cs is easy to understand (see Fig. 1). During inflation, pertur-
bations freeze out at the so-called sound horizon, i.e. when the comoving wavenumber satisfies
1This relation is valid only at linear order. But in standard cosmological models |ΩK,0|  1 is actually an
upper bound on the value of ΩK at any time during the hot big bang. We are therefore entitled to account for
the effect of curvature during the hot big bang to linear order.
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Figure 1: The figure shows why primordial perturbations are sensitive to ΩK,0/c
2
s. Since the
fractional density of spatial curvature (green line) decreases during inflation, it is larger at
sound-horizon crossing (first green dot) than at the crossing of the Hubble radius (second green
dot).
csk = aH. Consider now a perturbation of size the Hubble radius today kH0 = a0H0 = H0.
The value of ΩK at the time during inflation when kH0 froze out is
ΩK
∣∣∣
freeze
=
K
a2H2
∣∣∣
freeze
=
K
c2sk
2
H0
=
ΩK,0
c2s
. (1.5)
So, if cs  1 primordial perturbations felt a much larger value of ΩK right before they stopped
evolving than any cosmological observable in the late universe. The current bound2 on cs is
cs ≥ 0.021 (95%, Planck T+E) . (1.6)
Therefore we expect that the factor c−2s in (1.5) will give us a boost of up to a thousand
in sensitivity to spatial curvature. The explicit calculations in this paper confirm this rough
estimate and furthermore show that the final observable effect also depends on the strength of
interactions during inflation. For a fair comparison with other probes of curvature, it should
also be mentioned that the effects of curvature on primordial correlators peak at the largest
observable scales, where cosmic variance is largest. While this heuristic argument applies also
to multifield inflation, in this work we focus exclusively on single-field inflation.
In this paper, we take the observation that a small speed of sound enhances the sensitivity to
spatial curvature in two distinct but related directions. First we study how spatial curvature
can affect the soft theorems for cosmological correlators, which in a flat universe provide model-
independent consistency relations to test the assumption of a single clock during inflation. While
theoretical predictions for correlators are highly model dependent, in recent years it has become
clear that symmetries, shared by large classes of models, lead to specific predictions known as
soft theorems, which can be tested with current and upcoming data. Soft theorems constrain
2A more detail discussion of the bound on cs and the other EFT free parameter at the same order will be
given in Sec. 5.1.
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the squeezed limit of correlators, in which one of the momenta of the correlator is much smaller
than any relevant scale in the problem. Cosmological soft theorems take the schematic form
lim
q→0
〈O(q)O(k1) . . .O(kn)〉′
〈O(q)O(q)〉′ =
n∑
a=1
La〈O(k1) . . .O(kn)〉′ , (1.7)
where O are some operators, a prime denotes that we have dropped the momentum-conserving
delta function and L = L(k, ∂k) is some linear operator consisting of powers of the momenta
and derivatives. The most famous soft theorem has been derived by Maldacena in [6] and fixes
the squeezed bispectrum in terms of the power spectrum and it applies to all attractor, single-
field models of inflation [7]. This first result has been extended to higher n-point functions for
primordial scalar, tensor and vector perturbations [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19].
Soft theorems are conveniently interpreted as the consequence of residual, non-linearly realized
symmetries associated with adiabatic modes [20, 9, 21, 18, 22], namely physical perturbations
that are indistinguishable from a change of coordinates in the neighborhood of a point in space-
time. In the presence of additional symmetries beyond diffeomorphism invariance, new adiabatic
modes and new soft theorems can be derived. One example are non-attractor models of infla-
tion such as Ultra-Slow-Roll inflation [23] that are also invariant under a shift symmetry. In
this setup, new generalized adiabatic modes can be found, which are locally indistinguishable
from a change of coordinates and a symmetry transformation [22, 24]. The violation of Malda-
cena’s consistency relation in shift-symmetric Ultra-Slow-Roll inflation [25, 26, 27, 28], can be
attributed to the fact that cosmological perturbations asymptote generalized adiabatic modes,
as opposed to the standard adiabatic modes [22, 29]. Adiabatic modes and their associated
soft theorems can also be derived [30, 31] in the presence of alternative spacetime symmetry
breaking patterns as in solid inflation [32, 33] and other generalizations [34, 35, 36, 37]. All
results so far have been obtained in spatially-flat FLRW spacetimes3. In this work, we study
adiabatic modes and soft theorems in spatially-curved universes. A summary of our result can
be found in the next subsection.
A second direction in which we push our investigation is the explicit calculation of corrections
to the power spectrum and bispectrum of curvature perturbations that are induced by spatial
curvature at linear order in ΩK . To achieve this result we take advantage of the fact that,
at linear order, the local effect of spatial curvature is the same as that of a suitable isotropic
long wavelength perturbation on a spatially flat background. This equivalence allows us to use
results in the literature for the bispectrum and trispectrum in flat FLRW spacetime to deduce
the linear order effect of curvature on the power spectrum and bispectrum. The calculation
simply amounts to extract a specific term from the squeezed limit of the higher-point correlator.
Our main findings are summarized in the next subsection.
The rest of the paper is organized as follows. In the next subsection we give a brief summary of
our main results. In Sec. 2 we outline the procedure to derive adiabatic modes in curved FLRW
universes and discuss the difficulty in continuing these modes to physical momentum. In Sec.
3, after reviewing the derivation of soft theorems in flat universes, we show that the standard
“monochromatic” soft theorems do not exist in the presence of spatial curvature. This holds
both for soft scalar and soft tensor modes. Here we also briefly mention some other non-standard
and less phenomenologically relevant ways to constrain the soft behavior of correlators. In Sec.
4 we calculate the theoretical prediction for the effect of curvature on the power spectrum
and bispectrum of curvature perturbations, both for canonical single-field inflation and for the
decoupling limit of the Effective Field Theory of Inflation [39]. In Sec. 5, we show that, giving
current constraints, the correction to the power spectrum can be large enough to be measurable
in the CMB, but this happens in a regime in which one needs to go beyond our linear treatment
3The only exception known to us is [38], where the author studies soft theorems in a “toy” closed universe in
2+1 dimensions. The overall scaling of the violation of the consistency relation observed in that work in around
Eq. (20) seems to match our results in 3+1 dimensions.
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of curvature. We also make some estimates of the how large the non-scale invariant corrections
to the bispectrum could be, given current constraints. Finally we conclude in Sec. 6 with a
discussion and an outlook.
Notation and conventions: We use a mostly positive signature. Greek indices from the
middle of the alphabet run over µ, ν = 0, 1, 2, 3 and latin indices from the middle of the alphabet
over i, j = 1, 2, 3. We define symmetrization of indices by a(ij) =
1
2(aij + aji). Our Fourier
conventions are
f(x) =
∫
d3k
(2pi)3
eikxf(k) , f(k) =
∫
d3x e−ikxf(x) . (1.8)
Spatial 3-vectors are indicated in boldface, as for example in “x”, and a hat denotes a unit
norm vector qˆ · qˆ = 1.
1.1 Summary of the results
In the following we give a short summary of our main results for soft theorems and for the
curvature corrections to the power spectrum and bispectrum.
Soft theorems We find that the standard soft theorems that relate n-point to (n − 1)-point
functions in the squeezed limit are generally violated in curved universes. In particular the
correlation in the squeezed limit is not simply a change of coordinates and therefore does
not have the same universal character in a curved universe that it has in a flat universe. In
attempting to reproduce the flat universe derivation of soft theorems, we derived all residual
diffeomorphisms (diffs) in Newtonian gauge. Residual diffs, for both scalar and tensor modes
do exist in curved universes and reduce to the respective flat-universe adiabatic modes in the
K → 0 limit. The main obstacle emerges when one tries to connect residual diffs to physical
modes. For both scalars and tensors and in both open and closed universes the spectrum of
physical modes (i.e. the eigenvalues of the Laplacian) is separated from the spectrum of residual
diffs by a discrete gap. As a consequence of this, the time evolution of physical modes is different
from that of residual diffs already at linear order in curvature. When deriving soft theorems,
one substitutes physical modes with diffs in some soft limit of a correlator. This introduces an
error already at linear order in curvature and so we conclude that soft theorems are violated
by curvature corrections. The violation is parameterized by ΩK,0/c
2
s but depends also on the
strength of the interaction of perturbations, which are dictated by an explicit inflationary model
or parameterized by the EFT of inflation. For the EFT of Inflation our main result for the
squeezed bispectrum of curvature perturbations is the expression in (4.34), while for canonical
single-field inflation we find (4.42).
Power spectrum and bispectrum To linear order, the local effect of spatial curvature can
be traded for that of a long wavelength curvature perturbation (see e.g. [3, 13, 5]). This fact
was used in [13] to show that the terms at order k2L in the squeezed bispectrum (i.e. for kL → 0)
are related to the corrections of spatial curvature to the power spectrum. These corrections
are not scale invariant and peak on the largest scales, see (4.13) and (4.28)-(4.31). We con-
front the curvature-dependent power spectrum prediction with data on the CMB temperature
anisotropies. The signal-to-noise is saturated by just the first few CTTl ’s. The bounds that we
derive (see Figure 6) are slightly weaker than the theoretical bounds we have from the validity
of our linear treatment of curvature. This means that the CMB can potentially improve cur-
rent bounds on the {ΩK,0, cs} plane in the direction ΩK,0/c2s, but this requires computing the
correction to the power spectrum to all orders in K. We also compute curvature corrections to
the bispectrum from the squeezed trispectrum in canonical single-field inflation (from [40, 41]),
finding (4.42), and for the so-called P (X)-theories [42] (equivalent to the leading terms in the
EFT of inflation), finding (4.28)-(4.30). We show that the the signal-to-noise for this leading
order curvature correction to the bispectrum is at most of order one for the allowed values of
parameters and always smaller than one within the regime of validity of our analysis.
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2 Residual diffeomorphism
In this section, we derive residual diffs in spatially-curved FLRW universes. Our main finding
is that residual diffs do exist, but their momenta are always separated from the spectrum of
physical modes by a discrete amount.
2.1 Gauge fixing
In this work, we consider curved FLRW universes with the following spacetime metric
ds2 = −dt2 + a2(t)g˜ij(x)dxidxj ≡ g¯µνdxµdxν , (2.1)
where
g˜ij(x) = f
2(Kx2)δij with f(Kx
2) ≡ 1(
1 + 14Kx
2
) , (2.2)
and we have defined x2 ≡ δij xixj . The universe is spatially flat, open or closed if K = 0,K < 0
and K > 0, respectively. In the open case, the radial coordinate satisfies x2 < 4/|K|, while
in the closed case 0 ≤ x ≤ +∞. The volume contained in an open universe is infinite, while
it is finite in a closed universe. Other useful properties of the FLRW metric can be found in
Appendix A.
For the perturbations around the FLRW background, we choose to use the Newtonian gauge,
which is defined through
ds2 = −(1 + 2Φ)dt2 + aGidtdxi + a2 [(1− 2Ψ)g˜ij + γij ] dxidxj , (2.3)
with
∇iGi = ∇i γij = γii = 0 . (2.4)
Here, ∇i is the covariant derivative with respect to the spatial metric g˜ij . We raise and lower
spatial indices with the g˜ij metric. Metric perturbations are denoted by hµν . We take the
energy momentum tensor to be that of a single perfect fluid, so a universe with a single scalar
field is also included in our study. To first order in perturbations, this implies
Tµν = (ρ+ p)uµuν + gµνp , (2.5)
ρ = ρ¯(t) + δρ ,
p = p¯(t) + δp ,
uµ = (−1 + 1
2
h00,∇i δu+ uVi ), g˜ij∇i uVj = 0.
Generally, there might be residual diffeomorphisms that are compatible with the gauge choice.4
Under an infinitesimal change of coordinates xµ → xµ + µ, metric perturbations transform as
∆h00 =2˙
0 , (2.6)
∆h0i =∂i
0 − a2f2˙i, (2.7)
∆hij =− 2H0g¯ij +Kfxkkg¯ij − 2g¯k(i∂j)k , (2.8)
which in turn yield
Φ = −˙0 , (2.9)
Ψ = H0 − 1
2
K f xkk +
1
3
∂k
k ,
Gi = ∇i0 − a2 ˙i ,
γij = 2∇(ij) −
1
3
∇kk g˜ij .
4It should be possible to avoid such residual diffeomorphisms by an appropriate choice of coordinates. In flat
space, even in such coordinates, cancelations among scalar, vector and tensor perturbations in the zero momentum
limit lead to a set of adiabatic modes. See [31] for a related discussion in the context of Solid Cosmologies.
– 6 –
The variables parameterizing the perfect fluid on the other hand change as
∆δρ =− ˙¯ρ0, (2.10)
∆δp =− ˙¯p0,
∆∂i δu+ ∆u
V
i =∂i
0 .
To maintain the Newtonian gauge, we must impose (2.4), giving
∇iGi = 0⇒ ∇20 − a2∇i˙i = 0 , (2.11)
∇iγij = 0⇒ ∇i
(
2∇(ij) −
1
2
∇kk g˜ij
)
= 0 . (2.12)
For diffs that respect (2.11) and (2.12), general covariance guarantees that the perturbations
in (2.9) solve the linearized Einstein equations. However, just as for flat FLRW, for these
diffs to have a chance to approximate physical perturbations, additional conditions must be
satisfied. To see this, recall that physical perturbations in curved universes can be uniquely
decomposed into scalars, vectors and tensors (with appropriate fall-off conditions in the open
case, see Appendix A). Then let us decompose the linearized Einstein equations, δµν = 0, in
the following way,
δE00 = S
(1) , (2.13)
δE0i = ∇i S(2) + V (1)i ,
δEij = S
(3)g¯ij +∇i∇j S(4) +∇(iV (2)j) + Tij ,
where, S(i), V (i) and Tij are the scalar, transverse vector and transverse traceless tensor com-
ponents, respectively. For physical perturbations S(1,2,3,4) = V
(1,2)
i = Tij = 0. These equations
are then necessary conditions (but as we will see not sufficient) for any residual diffs to be able
to approximate physical perturbations. Since for residual diffs we already know that δEµν = 0,
we need only to further impose5
S(2) = S(4) = V (2) = 0 , (2.14)
where when we had the choice we set to zero those components with at most one time derivative.
It is easy to verify that the rest of the components, namely S(1), V (1), S(3), and T , must also
vanish as result of general covariance and rotational symmetry. In Newtonian gauge, (2.14)
becomes
S(2) : Ψ˙ +HΦ =
(
H˙ − K
a2
)
δu , (2.15)
S(4) : Φ = Ψ . (2.16)
We will refer to these equations as “adiabaticity conditions”. Notice that there are no adia-
baticity conditions for tensor residual diffs. Since vector modes decay in standard cosmologies,
we set them to zero (so that V (2) = 0) and ignore them in the rest of the paper.
2.2 Scalar residual diffs
In this subsection, we investigate the existence of scalar residual diffs in an open or closed
universe that satisfy the adiabaticity conditions (2.15) and (2.16). Demanding γij to vanish
restricts i to solutions of the following equation
∂i
j + ∂j
j =
2
3
δij ∂k
k . (2.17)
5Notice that after setting S(4) = 0, Einstein’s equations automatically imply S(3) = S(1) = 0.
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This is nothing but the conformal Killing equation in Euclidean space. It has the following
solutions
(Dilation) id = λ(t)x
i , (2.18)
(Special conformal transformation) iSCT = b(t).xx
i − 1
2
x2 bi(t) , (2.19)
(Translation) iT = c
i(t) , (2.20)
(Rotation) iR = ωij(t)x
j . (2.21)
This is a good point to pause and discuss the spatial profiles of these residual diffs. Transla-
tions and rotations are isometries of the background metric and so do not affect perturbations.
Dilations and special conformal transformations on the other hand do change perturbations. A
common feature that is true regardless of spatial curvature is that the residual diffs in (2.18) and
(2.19) cannot be fixed by imposing local conditions on the matter fields and metric components.
Let discuss some additional curvature-dependent properties:
• In flat space, these residual diffs do not fall off at spatial infinity (|x| → +∞) and are
therefore known as “large” diffs. This behavior should be contrasted with that of physical
perturbations that are required to vanish at spatial infinity (so as to justify neglecting
total spatial derivatives).
• In open universes, spatial infinity coincides with |x| → 2/√|K|, and residual diffs do not
vanish there. In this sense these diffs could also be called “large” diffs. Again this should
be contrasted with physical perturbations that should vanish as |x| → 2/√|K|.
• In closed universes, the spatial maximally-symmetric manifold is compact and there is no
spatial infinity. In this case the above residual diffs are regular everywhere and they are
square integrable. In this sense they are not “large” gauge transformations. They are
only residual in the sense that they cannot be fixed by local gauge conditions.
In this work we focus on finding a counterpart to Weinberg’s first adiabatic mode [20], which in
flat space can be generated by a time-independent dilation, id = λx
i. Unlike for the flat case,
in curved universes the coefficient λ might have nontrivial time dependence, which is fixed by
imposing the adiabaticity conditions in (2.15) and (2.16).
The absence of vector modes means that Gi in (2.9) must vanish. This implies
0 = −2a
2
K
fλ˙+D(t), (2.22)
where D is an integration “constant”. Inserting 0 and i into (2.10) and (2.9), and assuming
no shift symmetry on δu6 , we find the following solution
Φ =
1
K
2∂t(a
2λ˙)
1 + 14Kx
2
− D˙(t) , (2.23)
Ψ = HD − λ+ 2(λ−
H
K a
2λ˙)
1 + 14Kx
2
,
δu = −2a
2
K
fλ˙+D(t) .
6For a perfect fluid, δu always has a shift symmetry. This simply reflects the equivalence between perfect
fluids and superfluids (P (X) theories) in the limit of no-vorticity. We are however interested in a generic single
scalar field cosmology, where the relation between δu and the scalar perturbation δφ breaks the shift symmetry
[18].
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So far, λ and D have been arbitrary time-dependent functions. They are fixed however by
imposing the adiabaticity conditions (2.15) and (2.16):
D = a
2λ˙
K
, (2.24)
λ¨+ 3Hλ˙− K
a2
λ = 0 . (2.25)
In summary, we have found the following seemingly adiabatic solution
Φ = Ψ =
1
K
∂t(a
2λ˙)
(
2
1 +Kx2/4
− 1
)
, (2.26)
δρ
ρ˙
=
δp
p˙
= −δu = a
2λ˙
K
(
2
1 +Kx2/4
− 1
)
,
R ≡ −Ψ +Hδu = −λ
(
2
1 +Kx2/4
− 1
)
= −Ψ−Hδρ
˙¯ρ
≡ ζ .
In the last line, R and ζ are the curvature perturbations on comoving and constant-density
slices, respectively. In the flat-space limit, K → 0, both Weinberg’s first and second adiabatic
modes are obtained from the two independent λ(t) solutions to (2.25).
For future reference, notice that
∇2ζ = f−2
(
∂i∂i − 1
2
Kfxk∂k
)
ζ = −3Kζ . (2.27)
That is, our scalar residual diff has ∇2 = −3K (see Table 1).
As a consistency check, we note that the evolution equation for scalar perturbations R in curved
universe with a scalar inflaton field, as derived for example in [43], takes the form
(D2 −KE)R¨+
[(
H + 2
z˙
z
)
D2 − 3KHE
]
R˙
+
1
a2
[
K
(
1 + E − 2
H
z˙
z
)
D2 −D4 +K2E
]
R = 0, (2.28)
where
D2 ≡ ∇2 + 3K, z = aφ˙
H
, E = φ˙
2
2H2
. (2.29)
The limit D2 → 0, which corresponds to the residual diffs, gives
R¨+ 3HR˙ − K
a2
R = 0, (2.30)
confirming (2.25).
2.3 Tensor residual diffs
We switch now to tensor perturbations for which there is no adiabaticity condition. To remove
scalar modes we set δu = Φ = Ψ = 0. This results in 0 = 0 and
∇ii = 0 . (2.31)
In addition, setting Gi = 0 enforces 
i and, subsequently, γij to be time-independent. The
spatial diffs must further satisfy the gauge condition (2.12),
∇i
(
∇ij +∇ji
)
= 0 . (2.32)
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Open (K < 0) Closed (K > 0)
Scalars
Res. diffs 3|K| > 0 −3K < 0
Physical −(1 + p2)|K| 6 −|K| −p(p+ 2)K < 0, p = 2, 3, . . .
Tensors
Res. diffs −2|K| < 0 2K > 0
Physical −(3 + p2)|K| 6 −3|K| −(p(p+ 2)− 2)K < 0, p = 2, 3, . . .
Table 1: This table summarises the eigenvalues of the 3D spatial Laplacian ∇2 for residual
diffs (“res. diffs”) and physical modes (“physical”) in open and closed universes.
It is straightforward to see that
∇2 i = −2K i ⇒ ∇2 γij = +2Kγij (tensor residual diffs) . (2.33)
Notice that (2.33) is compatible with Einstein’s equations for physical modes, which for tensors
lead to
γ¨ij + 3Hγ˙ij − 1
a2
(∇2 − 2K)γij = 0 (physical modes) . (2.34)
From this we see that a tensor residual diff, which must be constant in time, indeed satisfies
γ¨ij = γ˙ij = 0 ⇒ ∇2γij = +2Kγij . (2.35)
Just like their analogues in flat space, equations (2.33) and (2.31) admit infinitely many solutions
[44]. These are easier to be written in spherical coordinates, where the solutions to (2.33) are
either of even (+) or odd (-) parity. They are found to be (see [44])
¯(+)lmr = V
l
1 (r)Ylm(θ, φ) , ¯
(+)lm
θ = V
l
2 (r)∂θYlm(θ, φ) , ¯
(+)lm
φ = V
l
2 (r)∂φYlm(θ, φ) , (2.36)
¯(−)lmr = 0 , ¯
(−)lm
θ = V
l
3 (r)∂θYlm(θ, φ) , ¯
(−)lm
φ = V
l
3 (r)∂φYlm(θ, φ) .
Above, we have pedantically denoted the spatial diffs in the spherical coordinates with ¯a (a =
r, θ, φ) to distinguish them from their Cartesian counterparts, and we have defined
V l1 (r) =
1√
r3 f(Kr2)
P
−l−1/2
−5/2
(4−Kr2
4 +Kr2
)
, (2.37)
V l2 (r) =
1
l(l + 1)
1
f(Kr2)
∂r
[√
r f(Kr2)P
−l−1/2
−5/2
(
4−Kr2
4 +Kr2
)]
,
V l3 (r) =
√
r f(Kr2)P
−l−1/2
−5/2
(
4−Kr2
4 +Kr2
)
,
where Pµλ are associated Legendre functions. The resulting tensor modes can be computed by
inserting any of the above ¯a’s in γ¯ab = 2∇(a¯b).
2.4 From large diffs to physical modes
Now we would like to see if the residual diffs satisfying the adiabaticity conditions that we have
found in the previous sections can be smoothly connected to physical modes. In a flat universe
this is the case, as in the k → 0 limit physical perturbations become indistinguishable from
(large) residual diffs, for which k = 0. As we will see below, in spatially curved universes we
find an obstruction in the form of a discrete gap between the wavenumber of residual diffs and
the spectrum of physical modes. This is summarised in Table 1.
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In both open and closed universes, the scalar and tensor residual diffs discussed in Sec. 2.2 and
Sec. 2.3 are eigenfunctions of the ∇2 operator, with eigenvalues
∇2S(x) = −3KS(x) (Scalar residual diffs) , (2.38)
∇2T (x) = +2KT (x) (Tensor residual diffs) . (2.39)
Let us compare this with the physical spectrum in open and closed universes. In an open universe
(K < 0), monochromatic7 perturbations that provide a complete basis of square integrable
functions consist of the so-called subcurvature modes, all of which have negative eigenvalues
[45, 46]:
∇2Splm(x) = −(1 + p2)|K|Splm(x), (physical Scalars for K < 0) , (2.40)
∇2Tplm,ij(x) = −(3 + p2)|K|Tplm,ij(x), (physical Tensors for K < 0) , (2.41)
where p > 0. Due to the existing gap between the momenta of the physical perturbations and
the residual diffs, namely
−(1 + p2)|K| < −|K| vs + 3|K| (scalar gap) , (2.42)
−(3 + p2)|K| < −3|K| vs − 2|K| (tensor gap) , (2.43)
monochromatic physical modes cannot capture the time dependence of the gauge modes in any
continuous limit - neither for the scalar nor for the tensor. (This is in contrast with flat space,
where eigenfunctions of ∇2 can have the eigenvalue −k2 arbitrarily close to zero and asymptote
to the behavior of the (large) residual diff in the long wavelength limit.)
In closed universes, K > 0, residual diffs have Laplacian eigenvalues again given by (2.38) and
(2.39). Normalizable modes on the other hand obey
∇2Splm(x) = −p(p+ 2)KSplm(x) with p = 0, 1, . . . , (2.44)
∇2Tplm,ij(x) = −(p(p+ 2)− 2)KTplm,ij(x) with p = 0, 1, . . . . (2.45)
However, all modes with p = 0, 1 are equivalent to diffs and physical modes only start at p = 2,
so the modes we found still cannot be approached in any continuous way by monochromatic
modes (see Sec. 3 for more discussion).
The discussion so far has focused on monochromatic modes and as such we cannot preclude the
possibility of reaching an adiabatic mode as a limit of some other non-monochromatic physical
perturbation. We would like to find those perturbations that have the following property:
A family of physical perturbations parameterized by α is adiabatic in the limit α→ 0 if and
only if they converge pointwise in spacetime to a residual diff as α→ 0.
How can we take each element of the family to be normalizable yet have them converge to the
(non-normalizable) residual diff? The idea is to consider a class of perturbations that give a
good approximation of the residual diffeomorphism within some finite region of spacetime and
send the size of that region to infinity (in the open case) or to the size of the universe itself (in
the closed case). For concreteness, let us concentrate on the dilation residual diff (“Res. Diff”)
in an open universe. We can take
ζ(α)(t = 0,x) = ζRes. Diff(t = 0,x) exp (−αF (x)) , (2.46)
ζ˙(α)(t = 0,x) = ζ˙Res. Diff(t = 0,x) exp (−αF (x)) , (2.47)
7By a monochromatic mode, we mean any mode which is an eigenfunction of ∇2. Gradients ∇i do not
commute with each other and therefore cannot be simultaneously diagonalized.
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where F (x) is a function that increases with x sufficiently fast for each perturbation to be
normalizable. Note that we need to specify the field as well as its time derivative, since the
evolution equation for scalars, (2.28), is second order in time. It is likely that such a non-
monochromatic adiabatic mode would not have the same relation between ζ(t = 0,x) and
ζ˙(t = 0,x) as the physical pertubation coming from a Bunch-Davies initial state, making these
non-monochromatic modes less useful in practice.
We make a technical assumption that the Cauchy problem for linear perturbations is well-
posed so that the solution must depend continuously on the initial conditions (although this
assumption is not strictly necessary if we take different physical field profiles). The physical
modes converge pointwise to the residual diff on the initial time slice, so by continuity of
solutions they must also converge pointwise to the gauge mode in the entire spacetime region
for which solutions exist (a natural assumption is that solutions do exist in the entire spacetime,
ie. linear evolution of smooth initial conditions doesn’t lead to singularities). This completes the
construction of a family of scalar physical modes that become adiabatic in the limit α→ 0. The
argument is similar in the case of tensor modes and is valid in both open and closed universes. We
can also conclude that on any finite (but otherwise arbitrary) patch of spacetime, convergence
must be uniform.
3 Soft theorems
In this section, we start with a brief review of soft theorems in a flat universe to highlight the
difficulties in generalizing the usual derivation to a curved universe. We then point out that,
due to a gap between the Laplacian eigenvalues of residual diffeomorphisms and physical modes,
the soft limit cannot be constrained in the usual way at order O(K). We also briefly discuss
some new non-standard soft theorems of a more formal nature. Later on, in Sec. 4 and Sec. 5,
we will directly compute curvature corrections to correlators, which will confirm the findings of
this section.
3.1 Flat universe
Residual diffs reflect the underlying symmetries of the gravitational theory and therefore can be
used to derive soft theorems for primordial correlators. A generic argument can be constructed
as follows. Consider an n+ 1-point function where one of the modes is close to a residual diff,
such that its dominant time dependence matches that of the residual diff. We can write
〈ζqζk1 . . . ζkn〉 ∼
∫
d3q′
(2pi)3
〈ζqζq′〉 δ
δζq′
〈ζk1 . . . ζkn〉ζq′ +O(ζ3q) (3.1)
= Pζ(q)
δ
δζAM
〈ζk1 . . . ζkn〉ζAM +O(ζ3q, q2/k2, q2/(aH)2).
In the final step we used the conservation of momentum and the fact that the soft mode resembles
the residual diff (up to corrections of order q2/k2 and q2/(aH)2). The effect of a residual diff
on the short modes is precisely a change of coordinates xµ → xµ + µ:
δζGM 〈ζk1 . . . ζkn〉ζGM =
n∑
i=1
〈ζk1 . . . (δζki) . . . ζkn〉. (3.2)
Then the soft theorem takes the form
lim
q→0
〈ζqζk1 . . . ζkn〉 ∼ Pζ(q)
n∑
i=1
〈ζk1 . . . (δζki) . . . ζkn〉+O(q2/k2n, q2/(aH)2) . (3.3)
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3.2 Absence of monochromatic soft theorems
In Section 2, we have established that in curved universes monochromatic physical modes are
always separated from residual diffs by some finite gap that is proportional to K. Thus, a
consistency relation in which the soft mode is monochromatic fails to capture the effect of a
diff by a discrete amount; a difference of order O(K/k2s) is always present between physical
modes and residual diffs. Of course this difference can be very small if curvature is very small,
and that limit indeed reproduces the flat space results. But already at linear order in K one
finds violations of the flat-universe soft theorems. We conclude that soft theorems of the usual
form do not exist in curved universes. This conclusion applies to both scalar and tensor soft
theorems in both open and closed universes.
We can explicitly show where the O(K/k2s) errors originate in the derivation. Focusing (for
concreteness) on the open universe, scalar case, we obtain - in terms of open harmonics:
〈ζq00ζkslmζk′sl′m′〉 =
∫
dq′〈ζq00ζq′00 δ
δζq′00
〈ζkslmζk′sl′m′〉ζ〉
≈
∫
dq′〈ζq00ζq′00〉 δ
δ
〈ζkslmζk′sl′m′〉+O
(
q2 − 3K
k2s
)
〈ζkslmζk′sl′m′〉. (3.4)
The error in approximating a physical mode ζq′00 with a monochromatic residual diff as done
in the second line comes from two effects. First, even at some constant time we know that
the eigenvalues of the Laplacian must differ at order O (q2 − 3K). Second, by the differential
equation that each perturbation satisfies, see for example (2.28), this difference in ∇2 leads to
a time dependence that is also different at order O(q2 − 3K), since this quantity vanishes for
the residual scalar diff but it does not for the physical mode. A short mode with momentum
ks and associated length scale xs = k
−1
s feels this difference as its evolves before freezing out.
The relevant dimensionless quantities that estimate this error are then
O ((q2 − 3K)x2s) ' O(q2 − 3Kk2s
)
≥ O
( |K|
k2s
)
. (3.5)
Note that the error does not contain an O(|K|/q2l ) term. Thus the leading order behaviour of a
model dependent effect in the squeezed bispectrum will be O(|K|/k2s), as we will show explicitly
in Sec. 4.
3.3 Formal soft theorems and adiabatic modes
We know from the discussion around (2.46) that in curved universes physical perturbations can
be approximated arbitrarily well by residual diffs, even though such perturbations cannot be
monochromatic and do not come from a Bunch-Davies initial condition. Consider then any
family of physical scalar perturbations ζ(α) that are adiabatic in the limit α→ 0. The strategy
is to put the ζ(α) modes on the left hand side of a consistency relation in place of the usual soft
mode.
Let us assume that for each α, there exists a basis {ζn} (its elements labelled by n) of pairwise
uncorrelated modes containing ζ(α) itself. Then we have
〈ζ(α)ζklmζk′l′m′〉∼
∫
dn〈ζ(α)ζn〉
δ
δζn
〈ζklmζk′l′m′〉ζn ∼ 〈ζ2(α)〉′
δ
δζRes. diff
〈ζklmζk′l′m′〉ζRes. diff , (3.6)
up to corrections that vanish in the limit α→ 0, in which the soft perturbation approaches the
residual diff.
A few remarks are in place. The primed 2-pt function 〈ζ2(α)〉′ depends on the chosen basis {ζn}
and it will be generally difficult to compute. Similarly, we do not have a closed expression
for the action of a diff on the short modes. Finally, O(K) effects in the consistency relation
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are correctly captured only when the soft mode ζ(α) resembles the adiabatic mode on scales
comparable to the curvature scale, in which case 〈ζ2(α)〉′ is a superhorizon quantity inaccessible
to local observers. Despite all these limitations, the above formulation of a soft theorem is
formally valid to an arbitrary accuracy in the limit α → 0, despite the existence of a gap in
the momenta of residual diffs and physical modes. We thus demonstrated the possibility of
extending soft theorems to universes with nonvanishing spatial curvature, albeit in a formal
sense.
4 Curvature corrections to the power spectrum and bispectrum
The primary focus of this section is to investigate the dominant effect of curvature on the power
spectrum and the bispectrum
〈ζk1ζk2〉 = (2pi)3P (k1)δ(3) (k1 + k2) , (4.1)
〈ζk1ζk2ζk3〉 = (2pi)3B(k1, k2, k3)δ(3) (k1 + k2 + k3) . (4.2)
Whenever the scale associated with curvature is much larger than length scales relevant to
observations, the physical effects of the former can be captured by an isotropic perturbation
in a flat universe [3]. To see this, let expand the metric around the origin of coordinates, or
equivalently to linear order in K:
gij =
aK(t)
2δij(
1 + 14Kx
2
)2 ' a2Kδij (1− 12Kx2
)
+O((Kx2)2) (4.3)
= a2δij
[
1 + 2
K
a
(
∂aK
∂K
)
K=0
− 1
2
Kx2
]
+O((Kx2)2 , (4.4)
where aK is the solution of the Friedmann equation in presence of spatial curvature while a is
the solution for a flat FLRW metric. We can re-interpret this metric in terms of the flat space
metric with a curvature perturbation
gij = a
2
flatδij(1 + 2ζ˜B) . (4.5)
There are two possible ways to do this8:
Option 1: aflat = aK ζ˜B = −1
4
Kx2 , (4.6)
Option 2: aflat = a ζ˜B = ζK(t)− 1
4
Kx2 , (4.7)
where we defined
ζK(t) ≡ K
a(t)
[
∂aK(t)
∂K
]
K=0
. (4.8)
Option 1 has the advantage that ζ˜B is simpler, but it has the awkward feature that the curvature
effects are partly in perturbations and partly in the background quantities, which mixes the
perturbative expansion with the K expansion. Option 2 instead has the advantage that ζ˜B is
precisely a solution of the Einstein equations in a flat universe, but the drawback is that it
contains one more term. In the following we will find it more convenient to work with Option
1. In words, it says that the spherical perturbation in (4.6) is locally indistinguishable from a
8To avoid confusion, specific field configurations will be marked by a tilde, as in ζ˜B .
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mean curvature K superimposed with a change in the scale factor or equivalently in the Hubble
parameter,9
HK → H
[
1 +
K
2a2(t)H2
]
. (4.9)
(This is valid for attractor scenarios, where superhorizon modes are approximately frozen.)
Thus, if we knew the (n + 1)-point function 〈ζquζk1 . . . ζkn〉 in the regime qu  ki, we could
recover the leading order effect of curvature on the n-point function. We expect that order K
corrections to the power spectrum and to the bispectrum obtained through this method are in
no way constrained by soft theorems. This is because O(K) in the n-point function corresponds
to O(q2u) in the (n + 1)-pt function, which is already a model-dependent effect. Hence, O(K)
corrections will depend on the details of inflationary theory, and might be enhanced even in
single field scenarios.
In this section, we quote the result of [13] for the curvature correction to the power spectrum
in the framework of the EFT of inflation with small speed of sound. Then we study O(K)
corrections to the bispectrum in two cases: canonical, single field, slow roll inflation as well
as the EFT of inflation. Our argument follows closely the method of [13], and we compare
our results to the O(K) correction to the power spectrum derived therein. It must be noted
that we work with Fourier modes defined with respect to the coordinates and metric of the flat
background, that is, when the curvature is treated as a separate perturbation introduced on
top of the flat reference space.
One caveat of our analysis is that we will be assuming a Bunch-Davies initial state in calculating
correlators. In a curved universe, the Euclidean vacuum instead gives a modified initial state (see
for example [47, 48, 49, 44]). The difference between these two initial states is non-perturbative
in K and therefore cannot be captured by the arguments in this section. We have performed a
preliminary investigation of the relative importance of the initial state modification in canonical
inflation as compared with the perturbative corrections using the analytical results of [46]. We
found that the non-perturbative terms give an effect that is numerically negligible in the final
primordial power spectrum for the parameters relevant to this work. This is to be expected
as the deviation from Bunch-Davies is non-perturbative in curvature, and consistency forces
us to remain in the perturbative regime. Because of this we will systematically neglect these
corrections.
4.1 The power spectrum
The effect of spatial curvature to the power spectrum can be calculated at linear order in K by
summing up two physical effects: the presence of the ultra-long mode ζ˜B and a change in the
Hubble parameter.
The effect of the ultra-long mode was computed to leading order in K in [13] by considering
the 3-pt function (in the EFT of inflation) in the squeezed limit, as explained in the previous
subsection. The result is
∆ζ˜BPK(k) = −Pflat(k)
19 + 6c3
8c2s
K
k2
. (4.10)
The effect of the change in Hubble parameter can be found from the familiar relation Pflat(k) =
H2∗/(4k3). To leading order,
∆HPK(k) = Pflat(k)
K
k2
, (4.11)
so this effect is subdominant for small cs.
In addition to the above there is yet another effect of a more geometrical nature. When obser-
vations of the sky are performed, some assumptions have to be made regarding the connection
9H is the Hubble parameter in the absence of curvature, while HK is the Hubble parameter when curvature
is present.
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Figure 2: Three-point function diagrams for EFT of inflation. The ultra-long mode kU mocks
the effect of spatial curvature.
between position space and Fourier space power spectra. While this correspondence is unam-
biguous in flat space (up to constants of proportionality), in a spatially curved universe there
exist multiple conventions that could lead to slightly different Fourier space results.10 All the
power spectra must give the same flat space limit and their ratio is a purely geometrical quantity
that can only depend on K and the momentum, not on the physical quantities such as the EFT
parameters and in particular cs. Thus, in general the “geometrical” effects contribute
∆geom.PK(k) = Pflat(k)O(K/k2) , (4.12)
and are again subdominant for small cs. We will neglect both (4.11) and (4.12) in the analysis
in Sec. 5.
In conclusion, to leading order in cs → 0 the only contributing term is δζ˜G . So to linear order
in K the power spectrum becomes
PK(k) = Ask
(ns−1)−3
(
1− 19 + 6c3
8c2s
K
k2
)
+O(Kc0s). (4.13)
4.2 Background curvature argument
Let us assume that K > 0, and later we can analytically continue our results to K < 0. Recall
from the discussion in the beginning of this section that we can trade curvature for the following
spherically-symmetric perturbation around flat space,
ζ˜B(t,x) = −1
4
Kx2 +O((Kx2)2) , (4.14)
plus a modification in the scale factor, i.e. aflat = aK . This implies that, for example, a three-
point function of ζ in a curved universe equals the same three-point function in the background
of ζ˜B in a flat universe (with a modified scale factor aK(t)).
11 , i.e.
〈ζk1ζk2ζk3〉K,HK = 〈ζqζkζ−k〉ζ˜B ,HK +O((Kx
2)2), (4.15)
10As an example, consider flat Fourier modes, defined as the Fourier transform of perturbations on a flat
reference background:
ζflatk =
∫
d3xe−ik·xζflat(x)
and compare this with the Fourier transform of perturbations on top of a curved background, with respect to
the coordinate system defined from the apparent distance to objects in a curved universe,
ζk =
∫
d3re−ik·rζ(r).
Because ζ(r) 6≡ ζflat(x = r) (rather, there is a discrepancy of order Kx2), the two Fourier transforms are not
equivalent.
11Here we assume that the geometric effects stemming from the curvature of spatial slices are negligible with
respect to the enhanced effects originating from non-gaussianity, e.g. we still expand ζ in terms of plane waves
and ignore that the sum of spatial momenta does not vanish.
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where correlators are assumed to be taken in flat space unless otherwise specified by the label
“K”. In the following we will keep implicit in all formulae that the scale factor should be aK
and we will come back to this issue at the end of this section. The configuration given by ζ˜B
can be mimicked by the long mode limit of the superposition of three orthonormal plane waves
(all having the same momentum magnitude |pa| =
√
K/2 for a = 1, 2, 3, and with pˆa.pˆb = δab)
subtracted with an inconsequential constant,
ζ˜B(t,x) =
3∑
a=1
[cos(pa · x)− 1] +O((Kx2)2) . (4.16)
It can be easily seen that the expression on the RHS starts at order p2 and that it coincides
with (4.14). The three-point function on a slowly varying background ζB (inclusive of ζ˜B) is
given by
〈ζk1ζk2ζk3〉ζB ∼= 〈ζk1ζk2ζk3〉+ ζB
[
∂
∂ζB
〈ζk1ζk2ζk3〉ζ˜B
]
ζB=0
(4.17)
+∂iζB
[
∂
∂(∂iζB)
〈ζk1ζk2ζk3〉ζB
]
ζB=0
+∂i∂jζB
[
∂
∂(∂i∂jζB)
〈ζk1ζk2ζk3〉ζB
]
ζB=0
+ . . . .
Therefore,
〈ζk1ζk2ζk3〉ζ˜B = 〈ζk1ζk2ζk3〉 −
3
2
Kδij
[
δ
δ(∂i∂jζB)
〈ζk1ζk2ζk3〉ζB
]
ζB=0
. (4.18)
For simplicity we drop [...]ζB=0 in the remainder. In order to find the last term in the expres-
sion above, we consider the correlation between an ultra-long monochromatic mode, ζ˜p(t,x) =
ζp(t) exp(ip · x), and three short modes. Up to leading order in the gradients of the ultra-long
mode, this trispectrum can be simplified into
〈ζpζ3〉 = Pζ(p)
[
∂
∂ζB
〈ζ3〉ζB + ipi.
∂
∂(∂iζB)
〈ζ3〉ζB − pi pj
∂
∂(∂i∂j ζB)
〈ζ3〉ζB +O(p3)
]
(4.19)
= S.T. + Pζ(p)
[
−pi pj ∂
∂(∂i∂j ζB)
〈ζ3〉ζB +O(p3)
]
,
where “S.T.” stands for the O(p0) and O(p) parts of the correlator, which are fixed by soft
theorems [8]. Summing over three orthogonal p’s one finds 12
3∑
i=1
〈ζpiζ3〉 = S.T. + Pζ(p)δij
[
−p2 δ
δ(∂i∂j ζB)
〈ζ3〉ζB +O(p3)
]
. (4.20)
Equivalently, we can write
δij
δ
δ(∂i∂j ζB)
〈ζ3〉ζB = − limp→0
1
2
∂2
∂p2
3∑
i=1
[
P (p)−1〈ζpiζ3〉
]
. (4.21)
Finally, by putting together (4.15), (4.17) and (4.21) we find
〈ζk1ζk2ζk3〉K ∼= 〈ζk1ζk2ζk3〉0 +
3
2
K lim
p→0
1
2
∂2
∂p2
3∑
i=1
P (p)−1 [〈ζpiζk1ζk2ζk3〉] . (4.22)
12Since we are interested in O(K) corrections, it is allowed to send p→ 0 although we had assumed p =√K/2.
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4.3 Effects of curvature in the bispectrum: the EFT of inflation
The effective field theory (EFT) of inflation [50, 39] is the general theory of single-field fluc-
tuations around any FLRW spacetime. In place of the covariant scalar field φ, the action
is expressed in terms of the Goldstone mode of the broken time translation, defined through
φ(t,x) = φ¯(t + pi) (where φ¯ is the background of the scalar field). Asking pi to non-linearly
realize the temporal diffs and linearly realize the spatial ones fixes the dynamics up to some
arbitrary time dependent functions.
At sufficiently short distances, the physics of pi decouples from the metric perturbations. In
this paper, we will assume that the time dependence of all background quantities is sufficiently
slow that we can approximate them as constant13. The EFT action in the decoupling limit up
to cubic order in slow-roll corrections and up to quartic order in the field becomes
Spi =
∫
d4x
√−g H
2M2p
c2s
[(
p˙i2 − c2s
(∇pi)2
a2
)
+ Cp˙i(∇pi)2 p˙i
(∇pi)2
a2
(4.23)
+Cp˙i3 p˙i
3 + C(∇pi)4
1
a4
(∇pi)4 + Cp˙i2(∇pi)2
1
a2
p˙i2(∇pi)2 + Cp˙i4 p˙i4
]
.
As for the cubic operators, the coefficient Cp˙i(∇pi)2 is entirely determined by demanding the
non-linear realization of Lorentz boosts
Cp˙i(∇pi)2 = c
2
s − 1 , (4.24)
while Cp˙i3 is a free time-dependent function and is conventionally parametrised as
Cp˙i3 = (1− c2s)
(
1 +
2
3
c3
c2s
)
. (4.25)
As for the quartic interactions, invariance under boosts relates two of the coefficients to the
cubic operators, namely
C(∇pi)4 = −Cp˙i(∇pi)2 , Cp˙i2(∇pi)2 = −
3
2
(Cp˙i(∇pi)2 − Cp˙i3) , (4.26)
whereas, Cp˙i4 is a free coefficient. Inasmuch as the p˙i
4 operator is unconstrained by the con-
straints on the bispectrum, it is allowed to be much bigger than p˙i2(∂ipi)
2 and (∂ipi)
4 [51] . For
this reason, in the remainder we only keep the contribution of p˙i4 to the trispectrum.
Now we turn to computing the bispectrum of ζ in the EFT of inflation to leading order in K
and slow-roll corrections by using the method explained in 4.2. The trispectrum generated by
operators in (4.24) was calculated in [42]. The cubic operators contribute to the trispectrum via
four types of exchange diagrams depicted in Figure 3. Below, we separately give the bispectrum
generated by individual Feynmann diagrams in Figure 3, namely Bp˙i3 p˙i3 , corresponding to the
exchange diagram with two p˙i3 vertices, Bp˙i3 p˙i(∇pi)2 for the diagram with one p˙i3 and one p˙i(∇pi)2
vertex, and finally Bp˙i(∇pi)2 p˙i(∇pi)2 representing the diagram with two p˙i(∇pi)2 vertices. Since the
final answer is symmetric under permutations of momenta, we give the expressions in terms of
the elementary symmetric polynomials, defined by
e1 =
3∑
i=1
ki , e2 =
∑
i<j
ki kj , e3 =
3∏
i=1
ki . (4.27)
13Notice that this is not the same as assuming a shift symmetry, as discussed in details in [24].
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We find
Bp˙i3 p˙i3 = 18
(
H2
4csM2p
)2 ( 3∏
i=1
1
2k3i
)
K
c4s e
5
1
(−1 + c2s)2(2c3 + 3c2s)2 (4.28)
× (−2e3e31 + e22e21 + 3e2e3e1 + 76e23) ,
Bp˙i3 p˙i(∇pi)2 =
3
2
(
H2
4csM2p
)2 ( 3∏
i=1
1
2k3i
)
K
c4s e
2
3 e
5
1
(−1 + c2s)2(2c3 + 3c2s)× (4.29)[
6e3e
9
1 − 3e22e81 − 18e2e3e71 + 9
(
e32 + 5e
2
3
)
e61 − 57e22e3e51 − 1184e43
+12e2
(
e32 + e
2
3
)
e41 +4
(
3e32e3 − 107e33
)
e31 + 232e
2
2e
2
3e
2
1 + 672e2e
3
3e1
]
,
Bp˙i(∇pi)2 p˙i(∇pi)2 = −
3
2
(
H2
4csM2p
)2 ( 3∏
i=1
1
2k3i
)
K
c4s e
5
1 e
2
3
× (4.30)[−38e3e91 + 19e22e81 + 114e2e3e71 − 3(19e32 + 135e23)e61
+361e22e3e
5
1 + (44e2e
2
3 − 76e42) + 452e22e23e21e41
−4(19e3e32 + 253e33)e31 + 1508e2e33e1 − 2256e43
]
.
The only contact term that we consider is generated via the operator p˙i4, and the resulting
bispectrum is 14
Bp˙i4 = 3× 36× 96
(
H2
4csM2p
)2 ( 3∏
i=1
1
2k3i
)
K
[
Cp˙i4 −
9
4
(
1 +
2
3
c3
c2s
)2] e23
e51
. (4.31)
4.3.1 Squeezed limit in the EFT of inflation
Let us compute the squeezed limit of the curvature corrections to the bispectrum in a curved
universe, in the framework of the EFT of inflation. In particular, we want to find the dominant
O(K) corrections to the bispectrum in the regime cs  1 in terms of the two EFT quantities
cs and c3 that parameterize the 3-point vertices. This can be done by taking the squeezed limit
of (4.28)-(4.30). For a more explicit derivation we can evaluate the trispectrum
〈ζquζqlζksζks′ 〉 (4.32)
in the double squeezed limit
qu  ql  ks ∼ ks′ , (4.33)
and use the background curvature argument to find the O(K) term in the bispectrum. We
leave the details of the calculation to Appendix C. In conclusion, we find the following curvature
corrections to the squeezed EFT bispectrum:
B(ql, |ks − 12ql|, |ks + 12ql|)
Pζ(ql)Pζ(ks)
∼ (1− ns) + c
2
s − 1
c2s
[(
2 +
1
2
c3 +
3
4
c2s
)
− 5
4
(qˆl · kˆs)2
]
q2l
k2s
(4.34)
+
3
2
c−4s
[(
3
4
c23 +
43
8
c3 +
19
2
)
−
(
15
8
c3 +
95
16
)
(qˆl · kˆs)2
]
K
k2s
,
where the first line is the flat-space result obeying Maldacena’s consistency relation and the
second line is the curvature correction. Notice that there is an interesting relation between the
14Notice that in the interaction Hamiltonian the coefficient of the p˙i4 term differs from the one in the original
Lagrangian due to the correction that the conjugate momentum of pi receives from the cubic term p˙i3.
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leading-order curvature correction in the squeezed bispectrum and in the power spectrum. If
we average the second line of (4.34) over the angle θ between qˆl and kˆs, the term (qˆl · kˆs)2
reduces to a factor of 1/3 and we find∫
d cos θ∆ζ˜BB = 2
(
∆ζ˜BP
)2
, (4.35)
where ∆ζ˜BP is the leading-order curvature correction to the power spectrum discussed around
(4.10) and ∆ζ˜BB is the second line of (4.34). This can be understood in various ways. For
example, recall that from the wavefunction of the universe ψ, which takes the form
ψ = exp
[
−
∞∑
n=2
∫
1
n!
ψnζ
n
]
, (4.36)
we can derive the following expressions for the correlators
P (k) =
1
2 Reψ2(k)
, (4.37)
B(qu, ks, ks′) = −1
4
Reψ3(qu, ks, ks′)
Reψ2(qu) Reψ2(ks) Reψ2(ks′)
, (4.38)
T (~qu, ~ql,~ks,~ks′) = − 1
8 Reψ2(qu) Reψ2(ql) Reψ2(ks) Reψ2(ks′)
×
[
Reψ4(~qu, ~ql,~ks,~ks′)+ (4.39)
−Reψ3(qu, ql, kI) Reψ3(ks, ks′ , kI)
Reψ2(kI)
+ 2 perm’s
]
, (4.40)
where ~kI = ~qu + ~ql. These expressions are valid for any momenta, but we have chosen the
momenta to match the derivation of curvature effects from flat-universe correlators. Because
we found that the flat-universe four-point interaction does not contribute to curvature effects
in the squeezed bispectrum, we can neglect ψ4 above and we see that T is related to B
2. Also,
only the permutation displayed contributes in the relevant limit qu  ql  ks ∼ k′s and kI ' ql.
Following the strategy outlined earlier in this section, we can extract from the flat universe T
the curvature correction to B in a curved universe by averaging over the direction of ~qu. Upon
doing this, we see that one of the ψ3 on the right-hand side of (4.40), which can be traded for
B, gets also angle-averaged and becomes ∆ζ˜BP . To get to (4.35) we need to also angle average
over ~ql, which transforms the second ψ3 into a second factor of ∆ζ˜BP .
4.4 Effects of curvature in the bispectrum: canonical, single-field inflation
We now study Einstein gravity coupled to a single scalar inflaton field, which gives a simple
action
S =
1
2
∫
d4x
√−g (R− (∇φ)2 − 2V (φ)) . (4.41)
We would like to compute O(K) contributions to the bispectrum 〈ζqlζksζ−ks−ql〉′ in the soft
limit ql  ks, working to leading order in the slow-roll parameters. According to (4.22), we
need to find the O(p2) term15 in P (p)−1〈ζpζqζkζk′〉 and sum over directions of p.
For the theory with the action (4.41), the following diagrams contribute to the scalar trispec-
trum:
15Note that in general, Taylor expansion in p might be ambiguous, at least at first sight. On one hand, we
can impose a constraint k′ = −k− q− p and then write expansion coefficients as functions of q and k. On the
other hand - just as an example - we can define s := k+ 1
2
p, impose k′ = −s−q− 1
2
p and then write expansion
coefficients as functions of q and s. The two results will generically differ at order p2 provided that the lower
order Taylor coefficients (namely, O(p0) and O(p1)) do not vanish. Nonetheless, it turns out that in the case
under consideration ambiguities can be neglected, as we will show in Appendix B.
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• the contact interaction [40],
• the scalar-exchange diagram,
• the graviton-exchange diagram [41].
The scalar-exchange diagram is subleading in the slow-roll parameters [41]. In Appendix B,
we show that the graviton exchange contribution vanishes identically after summing over the
directions of p. In the same appendix we show that the contact contribution starts at order
p2 - hence we avoid the ambiguities described in footnote 15 - and we compute the relevant
coefficient.
The final result for small K, in the regime ql  ks, to leading order in slow-roll parameters, is
〈ζqlζksζ−ks〉′K ∼= P (ql)P (ks)
[
(1− ns) +O(ql/ks) + 27
16

K
k2s
(
14(kˆs · qˆl)2 − 13
)]
. (4.42)
The power spectra in the above expression are the flat power spectra, i.e. those evaluated in
the absence of curvature. The O(ql/ks) terms are fixed by the flat-space soft theorem and are
not directly affected by K. Note that in canonical single-field inflation, the O(K) correction to
the squeezed bispectrum is strongly suppressed by the slow-roll parameter .
It is arguably more elegant to express the right hand side in terms of curved universe quantities,
so rather than use the flat universe power spectrum, we should use PK(k) (the curved-universe
power spectrum evaluated for the canonical single-field scenario). The slow-roll parameter  can
be neglected relative to the scalar tilt (1− ns) because current data already imposes the small
hierarchy /(1 − ns) < 1/6 (which in turn implies conformal invariance of all correlators [52]),
we have PK(k) = P (k)
(
1− K
k2
)
and
〈ζqlζksζ−ks〉′K ∼= PK(ql)PK(ks)
[
(1− ns) +O(ql/ks) + (1− ns)K
q2l
]
. (4.43)
4.5 An explanation of the scaling in the squeezed bispectrum
In this section, we give a heuristic derivation of the cs dependence in the squeezed bispectrum
B(ql, ks, k
′
s), ql  ks ∼ k′s. We wish to compare the behaviour of the O(q2l /k2s) terms to that of
the leading curvature terms O(K/k2s), mainly to demonstrate how the latter effect is enhanced
(relative to the former) by the small speed of sound.
We begin by summarizing the size of the standard, flat-universe corrections of order q2l /k
2
s in
the EFT of inflation [13]:
〈ζqlζks−ql/2ζks+ql/2〉 ∼ P (ql)P (ks)
q2l
k2s
c2s − 1
c2s
[
(2 +
1
2
c3 +
3
4
c2s)−
5
4
(qˆl · kˆs)2
]
+ . . . . (4.44)
We note the c−2s enhancement for cs → 0. This scaling can actually be understood without
performing the full calculation by tracking the powers of cs.
After re-introducing the term enforced by Maldacena’s consistency relation, we schematically
have for q  k
〈ζqlζks−ql/2ζks+ql/2〉 ∼ PuPl
[
(1− ns) +O(1)c−2s
q2u
q2l
]
. (4.45)
Let us now discuss the O(K) correction to the squeezed bispectrum, which might arise from the
double soft limit of the trispectrum according to formula (4.22). We are only concerned with
the double soft limit at 0th, 1st and 2nd order in the ultra-long momentum qu. We expect that
for a small speed of sound cs, the O(q2u/k2s) contribution to the double-squeezed trispectrum
will be enhanced by some negative powers of cs.
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Figure 3: The scalar exchange and contact diagrams for the four-point function in the EFT of
inflation. kU corresponds to the ultra-long mode that mimics the effect of spatial curvature.
Here we give a transparent argument for the scaling of the O(q2u/k2s) term and reproduce that
scaling by tracing the origin of the term to concrete diagrams. At tree-level, the trispectrum
receives three contributions: scalar exchange, graviton exchange and contact interaction. Let
us discuss them in turn.
Scalar exchange This diagram can have poles in the total “energy” kt =
∑4
a=1 ka and in the
momentum kI of the exchanged scalar. The largest contribution comes from exchanging the
softest possible particles, corresponding to the s-channel with qu, ql coming in, merging into a
scalar propagator kI ∼ ql and coming out as ~ks ∼ −~k′s. There are two cubic interactions within
the diagram, and for each one we get
qu + ql → kI ∼ ql ⇒ PuPl
[
(1− ns) + 1− c
2
s
c2s
q2u
q2l
]
, (4.46)
ks + ks → kI ∼ ql ⇒ PsPl
[
(1− ns) + 1− c
2
s
c2s
q2l
k2s
]
. (4.47)
The resulting trispectrum is (notice that Pl comes only once as it is in the internal “propagator”
that connects the two vertices)
T ∼ PuPlPs
[
(1− ns)2 +
(
1− c2s
)
(1− ns)
c2s
(
q2u
q2l
+
q2l
k2s
)
+
1− c2s
c4s
q2u
k2s
]
. (4.48)
Graviton exchange While in general graviton exchange does contribute to the squeezed
bispectrum, we will show that the contribution always vanishes if we sum over the directions of
ku, as we need to do if we want to interpret the ultra-long mode as a spatial curvature.
We have already seen that the graviton exchange contribution to the trispectrum vanishes after
summing over directions of the ultra-long mode in the case of canonical single-field inflation,
but this fact holds more generally. Consider the cubic vertex in the graviton-exchange diagram.
This vertex is of the form pi2γ, possibly with some derivatives. Now, pi is a scalar, but γ ≡ γij
is a transverse traceless tensor. We need to contract the i, j indices with derivatives ∂i, ∂j , and
since γij is transverse, the only lowest order self-consistent operator, up to total derivatives,
is (∂ipi)(∂jpi)γij . (Higher-order operators can be constructed by acting with additional time
derivatives or pairs of spatial derivatives.)
The γij field operator gives rise to a polarization tensor 
s
ij(k) in the correlator and ∂i gives rise
to momentum ki. The vertex factor of our lowest-order operator when one of the pi legs is the
ultra-long mode will be thus proportional to
qikj
s
ij(q + k) = −qiqjsij(q + k) , (4.49)
which can be shown to always vanish after summing over three orthogonal directions of q.
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Contact interaction The contact interaction has only poles in kt, which goes as kt ∼ ks+k′s
in the double squeezed limit. One cannot have any 1/ql enhancement, i.e. the contact interaction
can never give any O(K/q2l ) contribution to the squeezed bispectrum.
This interaction might be universal or model dependent, as in the EFT of inflation. The
universal part must obey a soft theorem
T grav ∼ PuPlPs(1− ns)
[
1 +
q2u
k2s
]
. . . (4.50)
where (1 − ns) is a proxy for slow-roll suppressed terms that arise when performing a scaling
transformation on the bispectrum. Note the absence of q2u/q
2
l terms, due to the fact that there
can be no poles in the long momentum ql.
The model-dependent part on the other hand, can contribute to the squeezed limit
TEFT ∼ CPuPlPs q
2
u
k2s
, (4.51)
with some overall amplitude C that can be large (C  (1− ns)). In the squeezed bispectrum,
this leads to
B ∼ CPlPs q
2
uζu
k2s
∼ CPlPsK
k2s
. (4.52)
While this is the general expectation, single field inflation is an exception. In this case, as we
mentioned before, it is only the operator p˙i4 that can give a large trispectrum, and the result is
T ∼= 1
q1q2q3q4k5t
, (4.53)
which does not have the form in (4.51), but rather in the double squeezed limit it behaves as
TEFT ∼ CPuPlPs q
2
u
k2s
q2l
k2s
. (4.54)
We quote a more explicit result [42] in Appendix C.4. The effect on the bispectrum is then to
give a very small correction in the soft limit:
B ∼ CPlPsK
k2s
q2l
k2s
, (4.55)
which does not violate Maldacena’s consistency relation.
5 Observational constraints on curvature
In this section, we discuss the possibility of constraining or detecting spatial curvature through
measurements of the O(K/c2s) corrections to the primordial power spectrum and bispectrum. In
the case of slow-roll, canonical single-field inflation, the corrections are O(K/k2s) and suppressed
by a factor of (1 − ns); it is very unlikely that we could detect this signal in the conceivable
future. However, in the EFT of inflation with a small speed of sound, cs  1, curvature effects
can potentially be observable. We will estimate how large curvature corrections can be given
the current separate constraints on curvature and primordial non-Gaussianity.
Our treatment of curvature corrections is valid at linear order in K. When curvature corrections
become large, we can no longer neglect higher-order effects in K/c2s. We will find that current
bounds allow for a large magnitude of the O(K) corrections. This means that the curvature
effects might be significant and their comparison with observation could provide further con-
straints on curvature and the speed of sound. On the other hand, we will find that for the power
spectrum one needs to go beyond the analysis in this paper and perform a non-perturbative
calculation in K/c2s.
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Figure 4: 68%, 95%, and 99.7% con-
fidence regions in the parameter space
(fequilNL , f
orth
NL ).
Figure 5: 68%, 95%, and 99.7% con-
fidence regions in the single-field infla-
tion parameter space (cs, c3), obtained
from Figure 4 via the change of vari-
ables in Eq. (5.1) - (5.2), while allow-
ing cs > 1.
5.1 Constraints from the power spectrum
As we saw in Sec. 4.1, the curvature corrections to the power spectrum are enhanced in the
presence of large non-Gaussianity. Before putting bounds on these corrections, we derive here
the current bounds coming from the CMB bispectrum on non-Gaussian parameters and the
related coefficients in the EFT of inflation. The EFT of inflation (in a flat universe) predicts
the following equilateral and orthogonal non-Gaussianities in the bispectrum [53]:
fequilNL =
(
c−2s − 1
) [−0.275− 0.0780 (c2s + 2/3c3)] , (5.1)
forthNL =
(
c−2s − 1
) [
0.0159 + 0.0167
(
c2s + 2/3c3
)]
. (5.2)
The Planck collaboration [53] found (for T+E channels, with lensing not substracted):
fequilNL = −25± 47, forthNL = −47± 24. (5.3)
We use this observational data to find and plot the 68%, 95% and 99.7% confidence regions for
fequilNL and f
orth
NL under a simplifying assumption that the fNL covariance matrix is diagonal,
which is a good approximation (Figure 4). Next, we use (5.1) - (5.2) to map the confidence
regions to the c ≡ (cs, c3) parameter space (Figure 5), by noting that for any region A in the
parameter space, P(c(fNL) ∈ c(A)) = P(fNL ∈ A) (we allow cs > 1 for sake of simplicity; in
fact, most of the relevant confidence regions do lie within cs < 1). We see that the bispectrum
likelihood peaks in the region 0.02 < cs < 0.1, c3 ∼ O(1).
Then we would like to constrain the curvature-induced modification of the power spectrum,
given in (4.13), based on the measurements of the CMB temperature angular power spectrum.
Let us begin by estimating the signal-to-noise ratio in CTTl ’s,
(S/N)2 ≡
√√√√∑
l
(Cthl − Cfidl )2
(∆Cl)2
, (5.4)
where Cthl and C
fid
l are the temperature angular power spectrum derived from (4.13) for K 6= 0
and K = 0, respectively, and ∆Cl is the cosmic variance in Cl.
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Figure 6: The red, circular areas represent the the 68%, 95% and 99.7% probability regions
of the joint PDF of ΩK and the non-gaussianity parameter (19 + 6c3)/(8c
2
s), derived from the
Planck 2018 data. The green, hyperbolic areas show the 68%, 95% and 99.7% probability
regions constrained by the measurements of Cl=2,3,4. Finally, the black contour in the centre of
the plot shows the approximate region of validity of the linear theory used in this work.
As could be anticipated from the scaling of (4.13), (S/N)2 is dominated by the low-` multipoles,
where we can use the Sachs-Wolfe transfer function to estimate Cthl .
16 We find
(S/N)2 ∼ 3.2× ΩK
(
19 + 6cs
8cs
) √∑
`>1
4l + 2
9(l2 + l − 2)2 ∼ ΩK
(
19 + 6cs
8cs
)
. (5.5)
Since more than 90% of signal-to-noise ratio is contained in l = 2, 3 and 4, we use the latest
measurements17 of C2,3,4 [54] and find
ΩK(19 + 6c3)
8c2s
= −0.78 +1.9−0.6 . (5.6)
In Figure 6 we compare this result (green shaded regions) with Planck’s latest bounds on ΩK and
non-Gaussianities18 (red shaded region, where we combined the two independent constraints).
Naively, this plot seems to show that within the red confidence region allowed by Planck,
there are regions that are excluded by the power spectrum constraints on curvature corrections.
However, we should notice that the curvature corrections to the power spectrum in (4.13) are
16Since the dipole (` = 1) is degenerate with the Earth peculiar motion, we discard it. We also neglect slow-roll
suppressed terms in our estimation of the signal-to-noise ratio.
17Notice that we use the flat universe prediction for the transfer functions used to compute Cl as opposed to
the transfer functions in a curved universe. The difference is only of order ΩK , much smaller than the ΩK/c
2
s
effect that we are after here.
18For cs  1, the linear combination αfeqNL + βforthNL is an unbiased estimator for z = 3.2(19+6c3)8c2s (for α =−20.78, β = 118.5).
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derived only at linear order in K and so they should be trusted as long as
|ΩK(19 + 6c3)|
8c2s
 1 . (5.7)
To guide the eye, in Figure 6 we plot a black line where this parameter takes the value 1/2. From
the plot it is clear that the validity of our theoretical calculation is slightly more constraining
than the CMB temperature power spectrum. In other words, current power spectrum data
allows for a curvature correction that goes beyond the linear regime. In order to improve
upon Planck’s limits on the combination of parameters in (5.6), one would need to compute
the power spectrum to higher order in K/c2s. This is beyond the scope of this work but it is
certainly interesting for future research.
5.2 Forecast of constraints from the bispectrum
In this subsection, we revisit the results of Section 4 and estimate the magnitude of the dominant
O(K) corrections to the bispectrum given the current constraints on cs and c3.
5.2.1 Squeezed limit
Recall the leading-order behaviour of the bispectrum expressed in terms of flat Fourier modes,
(4.34), in the regime ql  ks, cs  1 and to linear order in K:
B(ql, |ks − 12ql|, |ks + 12ql|)
Pζ(ql)Pζ(ks)
∼ (1− ns) + c
2
s − 1
c2s
[
(2 +
1
2
c3 +
3
4
c2s)−
5
4
(qˆl · kˆs)2
]
q2l
k2s
+
[
BK1 +BK2(qˆl · kˆs)2
] K
k2s
, (5.8)
where
BK1 ≡ 3
16
(
6c23 + 43c3 + 76
)
c−4s =
3
16
(6c3 + 19) (c3 + 4) c
−4
s , (5.9)
BK2 ≡ −15
32
(6c3 + 19) c
−4
s . (5.10)
to leading order in slow-roll coefficients and in cs. The presence of an overall factor of (6c3 +19)
in each of the terms is expected, since it arises from the left-hand vertices (those connected to
the ultralong mode) in Figure 3. In the above formula, we neglected contributions due to the
contact interactions, originating from terms of the form p˙i4 in the EFT action, because they
contribute at subleading order, namely O(Kq2l /k4s).
The magnitude of the dominant O(K) correction depends only on the values of the EFT coef-
ficients cs and c3, which have been partially constrained (see Figure 5 and 6). We would like to
answer two questions:
• Are the coefficients BK1 and BK2 sufficiently large for the associated O(K) effect to have
a significant signal-to-noise ratio?
• Are the coefficients BK1 and BK2 sufficiently large for the curvature term (O(K/k2s)) to
be at least comparable to the flat space correction (O(q2l /k2s))?
To answer the first question, we consider the ratios between the curvature signal and the flat
space O(q2l /k2s) contribution to the squeezed limit:
R1 :=
K
q2l
BK1(
1− c−2s
) (
2 + 12c3 +
3
4c
2
s
) , (5.11)
R2 := −K
q2l
BK2
5
4
(
1− c−2s
) . (5.12)
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Figure 7: 68%, 95%, and 99.7% confidence regions for (BK1, BK2), obtained from
Figure 5 via change of variables (log scale). Both axes have been snipped so as to
show the entire region of interest in a single plot.
In fact, to leading order in c−1s we have
R1 = R2 =
3
8
6c3 + 19
c2s
K
q2l
, (5.13)
so the ratios are identical to the power spectrum effect. We conclude that, within the validity
of linear-order treatment of curvature, the curvature corrections cannot be larger than the flat-
space corrections (O(q2l /k2s)) to the squeezed limit. It should also be noted that these two
corrections have different scaling and so they are in principle distinguishable.
To answer the second question, we map the constraints (confidence regions) for cs and c3
obtained from Planck bispectrum data to the constraints (confidence regions) for BK1 and
BK2.
19 Figure 7 shows the approximate 68%, 95% and 99.7% confidence regions for (BK1, BK2),
obtained by mapping the confidence region from the (cs, c3) parameter space. We see that the
magnitude of the coefficients is bounded, and an order-of-magnitude estimate is |BK1,2| . 106 ∼
107. We can then give an upper bound to the signal-to-noise ratio of the squeezed component
of the O(K) correction to the bispectrum. For the estimate, we will take the maximal value
consistent with the constraints, BK1,2 = 10
7, and |ΩK | = 10−3. We obtain
(
S
N
)
squeezed
'
√√√√∫ ∞
H0
dql ql
∫ ∞
kmins
dks
∫ 1
−1
d cos θ
B2K1,K2P
2
ζ (ql)P
2
ζ (ks)
Pζ(ql)P
2
ζ (ks)
( |K|
k2s
)2
(5.14)
∼ |BK1,K2ΩK,0|∆ζ
(
H0
kmins
)3/2
 107 · 10−3 · 10−5 ∼ 0.1, (5.15)
where kmins is the smallest ks we want to allow in the squeezed limit k
min
s  ql ≥ H0. Notice
that we didn’t impose the requirement that the linear term in K is smaller than the zeroth
order term. We conclude that, accounting for current bounds, the curvature corrections to
19It is convenient that the map is one-to-one.
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Figure 8: The posterior probability distribution function (unnormalized) of the
sign(bK,equil) log10(|bK,equil|) parameter, derived from the Planck bispectrum data, assuming
a flat prior on (f equilNL , f
orth
NL ). Blue line shows the pdf for bK,equil > 0 while the red line shows
the pdf for bK,equil < 0.
the squeezed bispectrum are too small to be detected, even if we were able to extrapolate the
leading-order corrections beyond its regime of validity.
5.2.2 Equilateral configuration
Linear curvature correction to the bispectrum is suppressed by k−2s in the squeezed limit, so
we may hope to obtain a larger signature if we consider an equilateral configuration of the
momenta. We use the same background-curvature argument as in Section 4. We need to
consider the trispectrum in the limit where one of the modes becomes very long, while the other
three form an equilateral shape, qu  k2 = k3 = k4 ≡ k:
〈ζquζk2ζk3ζk4〉 = 〈ζquζk2ζk3ζk4〉 SE + 〈ζquζk2ζk3ζk4〉GE + 〈ζquζk2ζk3ζk4〉 CI . (5.16)
The graviton exchange does not contribute to the bispectrum correction. The scalar exchange
and contact interaction diagrams will generically both lead to a significant O(K/k2) effect.
The scalar-exchange diagrams give, to leading order in cs:
B(k, k, k)K,SE = Pζ(k)
2
[
65
6
(
1 +
2
3
c3
c2s
)2
+
5321
432
(
1 +
2
3
c3
c2s
)
c−2s +
4747
216
c−4s
]
× K
k2
. (5.17)
The contact interactions give, to leading order in cs:
B(k, k, k)K,CI =
16K
3k2
Pζ(k)
2
[
Cp˙i4 −
9
4
(
1 +
2
3
c3
c2s
)2]
. (5.18)
We first focus on the enhancement that cubic interactions induce by neglecting the Cp˙i4 coeffi-
cient. In this case, the curvature correction to the bispectrum in the equilateral configuration
becomes
B(k, k, k)K ≈ Pζ(k)2
(−0.519c23 + 16.42c3 + 21.98) c−4s × Kk2 . (5.19)
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Let
bK,equil :=
(−0.519c23 + 16.42c3 + 21.98) c−4s . (5.20)
Assuming a uniform prior for the equilateral and orthogonal non-Gaussianities f equilNL and f
orth
NL
in the flat-universe approximation and working in the limit cs  1, we find the posterior pdf
for bK,equil by mapping the corresponding pdf for the non-Gaussianities and marginalizing over
c3. The posterior pdf for bK,equil is shown on Figure 8. We see that bK,equil ∼ 108 is still allowed
by current constraints.
Let us switch off the cubic terms and consider the contribution of the quartic term p˙i4 to the
equilateral bispectrum,
BK,CI(k, k, k)
P 2ζ (k)
∼ 16Cp˙i4
3
K
k2
. (5.21)
The Planck observational constraint on the trispectrum [53] implies the following rough upper
bound on the coefficient in front of K/k2s ,
16
3
|Cp˙i4 | < 107 . (5.22)
This is slightly weaker than the maximum size allowed for bK,equil and so it can be neglected for
an order of magnitude estimate. Let us now derive a rough upper bound on the signal-to-noise
ratio for measuring spatial curvature in the 3D bispectrum of ζ as follows:
(
S
N
)
equil.
'
√√√√∫ ∞
H0
dk k2
b2K,equilP
4
ζ (k)
P 3ζ (k)
( |K|
k2
)2
(5.23)
∼ |bK,equilΩK,0|∆ζ . (5.24)
Notice that the integral in dk is strongly supported on the largest observable scales, k = H0,
and so it is insensitive to the UV cutoff in k, which we have taken to infinity for simplicity. If
we naively used |bK,equil| = 108, a proxy for the largest value allowed by the current constraints
depicted in Figure 8, and |ΩK,0| = 10−3, we would get that the signal is barely detectable
S/N ∼ 108−3−5 = 1. From this estimate we conclude that the corrections to the equilateral
configurations are unlikely to be detectable even if we extrapolate beyond the validity of the
linear-order treatment in K. On the other hand, if we insist that the curvature correction is
smaller than the K0 term, then we can at most take |bK,equilΩK,0| ∼ f eq,ortNL ∼ 102. We then find
a very small signal-to-noise ratio, S/N ∼ 10−3. The intuitive reason why the curvature correc-
tions are so hard to detect is that, although they can be very large for the largest observable
scales, the non-scale invariant signal drops very quickly on shorter scales and the signal-to-noise
ratio saturates with just a few multipoles. Conversely, the traditional non-Gaussianity such as
equilateral and orthogonal shapes are scale invariant and they can be constrained by all Bl1,l2,l3 .
6 Discussion and conclusion
In this work, we have discussed the effects that spatial curvature induces in primordial correla-
tors, at linear order. As explained in Figure 1, these effects are parameterised by ΩK/c
2
s and so
could be large if cs was small during inflation or equivalently if perturbations interacted more
strongly. We have shown that in the presence of curvature, the soft limit of the bispectrum
acquires model-dependent corrections that deviate from Maldacena’s consistency relation in flat
space. More generally, we have argued that residual diffeomorphisms are separated from the
spectrum of physical perturbations by a gap of order |K| and so standard soft theorems should
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be violated at linear order in curvature. We have furthermore studied how large these correc-
tions can be both in the power spectrum and in the bispectrum, also going beyond the squeezed
limit. We have found that in the power spectrum, constraints from the CMB are close to but
slightly weaker than the validity of our linear order treatment of curvature. For the bispectrum
on the other hand, the signal-to-noise for these corrections is always smaller than one, even
assuming we had access to a full 3D map of the primordial correlators to the cosmic variance
limit.
There are a few avenues for future research. First, as discussed in Sec. 5.1, we could not harvest
the full constraining power of the CMB because our theoretical prediction was limited to linear-
order in K/c2s, in which regime the corrections to the temperature angular power spectrum are
slightly smaller than the experimental bound. It would therefore be very interesting to compute
the power spectrum of primordial perturbations with small cs in a curved universe to all orders
in K and then compare the prediction again with the lowest CMB multipoles. Such calculation
was performed for cs = 1 in [48, 49, 46]. In that work, the authors also accounted for the initial
state dictated by the Euclidean continuation for a bubble nucleation event, that is different
from the Bunch-Davies state we have used in this work. The difference is non perturbative in
K and our preliminary analysis shows that it might be safe to neglect this effect, but a more
detailed study should be performed. Second, it would also be interesting to use the polarisation
of the CMB and analyse CEEl and C
TE
l to improve the constraints on curvature corrections to
the power spectrum. Because polarisation is so small on Hubble scales, we do not expect a large
improvement from this additional data. In fact, it seems likely that CEEl will give a negligible
improvement because the error bars on the first few l’s are so large, while CTEl might improve
the bounds by a few tens of percent, after the covariance has been taken into account. Third,
one might extend our analysis of the CMB power spectrum to the bispectrum, including both
temperature and polarisation but one should be aware that our rough estimate for the signal-
to-noise ratio in the bispectrum is much smaller than one within the regime of validity of the
linear theory; even going beyond this regime, the ratio is at most O(1) for the largest allowed
values of parameters. Finally, in this work we have focussed on single-field inflation because
of our interest in discussing the squeezed limit consistency relation. But one could investigate
curvature effects in multifield inflation, where there is more room for producing a large signal.
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A Perturbations around FLRW
Here we collect useful formulas on the kinematics of FLRW spacetimes. The non-vanishing
Christoffel symbols in the coordinates used in (2.1) are
Γ0ij = aa˙g˜ij , (A.1)
Γi0i = H δij ,
Γkij =
1
2
Kf
(
xkδij − 2x(iδj)k
)
.
On spatial sections, the Laplacian operator acting on scalars is
∇2 S = 1
f2
(
∂i∂i S − 1
2
K f xi∂i S
)
. (A.2)
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The isometry group of a curved FLRW spacetime is SO(3,1) if it is open, and SO(4) if it is
closed. The Killing vectors are
Ti = f(2f − 1)ci + K
2
f2 cjx
j xi , (A.3)
Ri = f
2ωijx
j , ω(ij) = 0 .
Sometimes the Ti’s are called quasi-translations, i.e. they become ordinary spatial translations
in flat space, while the Ri’s form rotations.
A.1 The Scalar-Vector-Tensor Decomposition
The scalar-vector-tensor decomposition of a tensor field living on a constant curvature manifold
with the metric
ds2 = f2(Kx2) dx · dx = f2(Kr2)(dr2 + r2dΩ2), (A.4)
is an old topic of interest in differential geometry. Here we briefly review the decomposition of
a tensor on a sphere or a hyperboloid, along the lines of [55]. We would like to determine under
what condition the Poisson equation,
∇2 Φ = J(x) , (A.5)
admits a unique solution Φ for any given J . If two solutions existed, their difference would solve
the Laplace equation, namely
∇2 Φ = 0 . (A.6)
Multiplying both sides with Φ and integrating over the whole space, one finds
−
∫
M
√
g d3x (∇i Φ)2 +
∫
∂M
√
h dθ dφΦni∇iΦ = 0 , (A.7)
where gij is the metric of the curved space, g is its determinant, ∂M is empty for a sphere and
is a 2-sphere for a hyperboloid. For the latter, ni is the unit vector normal to the boundary
2-sphere and hab (a, b = θ, φ) is the induced metric on the boundary 2-sphere. Therefore, on
a 3-sphere, (A.7) implies that ∇iΦ = 0 everywhere, giving as only solution Φ = const. Let us
move to the hyperboloid. If Φ decays rapidly enough towards the boundary, namely
f Φ ∂r Φ→ 0 for r → 2√|K| , (A.8)
then the only solution of the Laplace equation is Φ = const, and therefore the solution of the
Poisson equation is unique up to a constant. This in turn implies that the splitting of a vector
into a longitudinal and a transverse part, i.e.
Ai = ∇iφ+ATi , ∇iATi = 0 , (A.9)
is unique iff
∫ √
gd3x∇iAi is finite.
Rank-2 objects should be dealt with more carefully because the non-commutation of covariant
derivatives brings about some complication. Consider the following decomposition
Hij = H
(1)
S gij +∇i∇j H(2)S + 2∇(iHVj) +HTij , (A.10)
in which
gijHTij = ∇iHTij = ∇iHVi = 0 . (A.11)
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It is easy to check that
H ii = 3H
(1)
S +∇2H(2)S , (A.12)
∇−2∇i∇j Hij = H(1)S + (∇2 + 2K)H(2)S .
Assuming a proper asymptotic decay of Hij , H
(1,2)
S can be uniquely fixed up to
H
(2)
S → H(2)S + χ , H(1)S → H(1)S +Kχ , (A.13)
where χ is any solution of
(∇2 + 3K)χ = 0 . (A.14)
It remains to solve for HVi by taking the divergence of Hij ,
2∇i∇(iHVj) = ∇iHij −∇j
(
∇−2∇k∇lHkl
)
. (A.15)
However, the homogeneous equation, i.e. ∇i∇(iHVj) = 0, could admit non-trivial solutions.
Multiplying the latter with HVj and integrating over the space yields∫ √
g d3xHV i∇j∇(iHVj) =
∫
∂M
√
hdθdφHV i∇(iHVj) −
1
2
∫ √
gd3x (∇(iHVj))2 = 0 .
Therefore, for both a hyperboloid—assuming thatHVi vanishes quickly enough near the boundary—
-and a sphere, the boundary term vanishes, and as a result the solutions consist only of the
Killing vectors. However, Killing vectors of a hyperboloid are not bounded, hence we must dis-
card them. In conclusion, the SVT decomposition of Hij is unique up to (A.13) and separately
HVi → HVi + ξi , ∇(i ξj) = 0 . (A.16)
Notice that for all ξi’s we have∇2ξi = −2K ξi. Thus, as long as one works with eigenfunctions
of the ∇2 operator with eigenvalues unequal to −3K (for scalars) and −2K (for vectors), the
SVT decomposition is unique and well defined.
A.2 The Spectrum of The Laplacian Operator
For K < 0 the eigenfunctions of the Laplacian operator for scalars, defined through
∇2 Yplm = (1 + p2)K Yplm , (A.17)
are given by (see e.g.[47])
Yplm =
Γ(ip+ l + 1)
Γ(ip+ 1)
p√|K|r f(Kr2)P−l−1/2ip−1/2
(√
1 +K2r2f2(Kr2)
)
Ylm(θ, φ),
where Pµν (x) are Associated Legendre functions of the first kind, and Γ(x) is the Euler Gamma
function. Only mode functions with p > 0 (−∇2 > |K|) are square integrable and in this sense
physical. They are also normalized and orthogonal, i.e.∫
r2 f3 drdΩYplmY
∗
p′l′m′ = δ(p− p′)δmm′δll′ . (A.18)
For K > 0 the spectrum of scalar harmonics is ([56])
∇2 Yplm = −p(p+ 2)K Yplm , p = 0, 1, .. , and l = 0, .., p . (A.19)
and they are given by
Yplm =
√
(p+ 1)Γ(p+ l + 2)
Γ(p− l + 1)
p√
Kr f(|K|r2)P
−l−1/2
p−1/2
(√
1−K2r2f2(Kr2)
)
Ylm(θ, φ) ,
with the same property as (A.18) except that δpp′ replaces δ(p− p′).
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B Canonical Trispectrum in the soft limit
In this appendix, our goal is to compute the O(q2u) term in the pure scalar 4-point function
〈ζquζqlζksζk′s〉 . (B.1)
[40, 41] give explicit formulas for this 4-point function derived under the following assumptions:
• Inflation is described by a single field with Lagrangian L = −12(∇φ)2 − V (φ).
• All interactions are that of the inflaton minimally coupled to Einstein gravity.
• Terms that are suppressed by higher powers of slow-roll parameters can be neglected, ie.
we work to leading order in  and η.20
The 4-point function has a contribution due to the contact interaction [40] as well as due to
graviton exchange [41]:
〈ζk1ζk2ζk3ζk4〉 = 〈ζk1ζk2ζk3ζk4〉CI + 〈ζk1ζk2ζk3ζk4〉GE . (B.2)
We are interested in the double squeezed limit, and we will take qu ≡ k1, qu ≡ k2, ks ≡ k3,
k′s ≡ k4. We have to compute the term proportional to q2u.
B.1 The graviton exchange
The contribution to the trispectrum from the graviton exchange is given by
〈ζk1ζk2ζk3ζk4〉GE = (2pi)3δ(
∑
a
ka)
H6∗
2
∏
a(2k
3
a)
k21 (B.3)
×
[
k23
k312
[1− (kˆ1 · kˆ12)2][1− (kˆ3 · kˆ12)2] cos 2χ12,34 · (I1234 + I3412)
+
k22
k313
[1− (kˆ1 · kˆ13)2][1− (kˆ2 · kˆ13)2] cos 2χ13,24 · (I1324 + I2413)
+
k22
k314
[1− (kˆ1 · kˆ14)2][1− (kˆ2 · kˆ14)2] cos 2χ14,23 · (I1423 + I2314)
]
where Iabcd + Icdab are given below, and χ12,34 is the angle between the plane defined by the
vectors k1, k2 and the plane defined by the vectors k3 and k4. Although the above formula may
not look manifestly invariant under relabelling of the momenta, we verified it to be unaffected
by permutations.
I1234 + I3412 = k1 + k2
a234
[
1
2
(a34 + k12)(a
2
34 − 2b34) + k212(k3 + k4)
]
+ (1, 2↔ 3, 4) (B.4)
+
k1k2
kt
[
b34
a34
− k12 + k12
a12
(
k−1t + a
−1
12
)]
+ (1, 2↔ 3, 4)
− k12
a12a34kt
[
b12b34 + 2k
2
12(
∏
a
ka)
(
1
k2t
+
1
a12a34
+
k12
kta12a34
)]
,
where aab ≡ ka + kb + kab and bab ≡ (ka + kb)kab + kakb.
20In particular, the tree diagram involving an exchange of a scalar is suppressed by additional power of slow-
roll parameters. Thus, at tree level we only need to consider the contact interaction and the graviton-exchange
diagram.
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The presence of an overall factor k21 = q
2
u in each of the terms in (B.3) is very convenient, allow-
ing us to divide the entire expression by q2u and then evaluate the remaining part in the limit
qu → 0. The result will in general depend on the direction from which qu = quqˆu approaches
zero.
Let’s assume that qˆ0 is fixed as qu → 0. As explained in Section 4, we need to take the
the sum of the GE contribution over any three21 mutually orthogonal directions of qˆu. Since
lim
qu→0
(Iabcd + Icdab) does not depend on qˆu and the same holds true for k21i, kˆ3 · kˆ12, kˆ2 · kˆ13 and
kˆ2 · kˆ14 (since in each of these instances we can use k1i → ki), all the dependence on qˆu is in
the following factor:
lim
qu→0
[(
1− (qˆu · kˆ12)2
)
cos 2χ12,34
]
(B.5)
and its permutations. This is equal to(
1− (qˆu · kˆ2)2
)
cos 2χ12,34 , (B.6)
which can be easily shown to vanish when averaged over any three orthogonal directions of qu.
The same applies to the other two terms in the correlation function.
In conclusion, the contribution of the graviton exchange to the O(q2u) term vanishes completely
due to averaging over angles.
B.2 The contact interaction
The contribution from the contact (4-vertex) interaction reads
〈ζk1ζk2ζk3ζk4〉′CI =
H6∗
42
∏
a(2k
3
a)
∑
24 perms
M4(k1,k2,k3,k4). (B.7)
where
M4(k1,k2,k3,k4) = −2 k
2
1k
2
3
k212k
2
34
W24
kt
(
−(k1 · k4)(k2 · k3) + (k1 · k3)(k2 · k4) + 3
4
σ12σ34
)
−1
2
k23
k234
σ34
(
k1 · k2
kt
W124 + 2
k21k
2
2
k3t
+ 6
k21k
2
2k4
k4t
)
and
σab = ka · kb + k2b ,
Wab = 1 +
ka + kb
kt
+
2kakb
k2t
,
Wabc = 1 +
ka + kb + kc
kt
+
2(kakb + kbkc + kcka)
k2t
+
6kakbkc
k3t
.
Using P (k) = H
2∗
4k3
, (B.7) can be written as
〈ζk1ζk2ζk3ζk4〉′CI = P (k1)P (k2)P (k3)k−34
∑
24 perms
M4(k1,k2,k3,k4). (B.8)
21The final answer would better not depend on which three directions we choose! Otherwise we cannot avoid
a major inconsistency.
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Our goal is to compute 12
∂2
∂q2u
P (qu)
−1〈ζquζqlζksζk′s〉′CI , so P (qu) is cancelled out, and the only
factor dependent on qu is now
∑
24 perms
M4(k1,k2,k3,k4). We have thus reduced the problem
to finding  ∂2
∂q2u
∑
24 perms
M4(k1,k2,k3,k4)

qu=0
. (B.9)
We will find it easier to deal with theM4(k1,k2,k3,k4) permutation only, and instead consider
all the 24 different bijections between (qu,ql,ks,k
′
s) and (k1,k2,k3,k4).
Terms O(q0u), O(q1u)
Using symbolic manipulation in Mathematica, we verified that O(q0u) and O(q
1
u) terms in M4
vanish.
The contribution from qu ≡ k1
Let us first consider the six terms in which qu is the first entry. Note that in the limit qu → 0
we can use k2 + k3 + k4 = 0.
∂
∂q2u
∑
6 perms
M4(qu,k2,k3,k4) =
∑
6 perms
[
−2 k
2
3
k22k
2
34
W24
kt
· 3
4
k22(k3 + k4) · k4
−1
2
k23
k234
(k3 + k4) · k4
(
∂
∂q2u
(
qu · k2
kt
Wqu,24)qu=0 + 2
k22
k3t
(1 + 3
k4
kt
)
)]
= −
∑
6 perms
k23
k234
(k3 + k4) · k4
[
3
2
W24
kt
+
k22
k3t
(1 + 3
k4
kt
) +
1
4
(
∂2
∂q2u
(
qu · k2
kt
Wqu,24)
)
qu=0
]
. (B.10)
Now, we have ∂∂qu (Wqu,24/kt)qu=0 = 0, so the last term vanishes. We get
∂
∂q2u
∑
6 perms
M4(qu,k2,k3,k4) =
∑
6 perms
k23
k234
k2 · k4
[
3
2
W24
kt
+
k22
k3t
(
1 + 3
k4
kt
)]
. (B.11)
After some more transformations,
∂
∂q2u
∑
6 perms
M4(qu,k2,k3,k4) =
∑
6 perms
k23
k3t
k2 · k4
[
1 + 3
k4
kt
+ 3k−22 (k
2
t −
1
2
k3kt)
]
. (B.12)
Let’s evaluate the dominant term of the above expression for ql  ks ∼ k′s. If it is nonvanishing
in the limit ql/ks → 0 (we will shortly see that it is), then due to the presence of ql in the
prefactor, the 1 + 3k4kt part gives a zero contribution in this limit. The other term survives as
ql/ks → 0 only if ql ≡ k2. We are therefore left with
3q−2l k
−2
t
(
k2s(ql · k′s)(kt −
1
2
ks) + k
′2
s ql · ks(kt −
1
2
k′s)
)
= −3
8
ks(kˆs · qˆl)2 +O(ql). (B.13)
The contribution from qu ≡ k3
Derivation is analogous to that of the previous section, only much simpler. The contribution is
3
8
ks[5(kˆs · qˆl)2 − 7]. (B.14)
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The contribution from qu ≡ k2
Using symbolic manipulation in Mathematica, we found
∂2
∂q2u
M4(q,qu,k,K)qu=0 =
k2s
q2l k
4
t
ql · k′s
[
3k2t (kt + k
′
s) + 2q
2
l (kt + 3k
′
s)
]
. (B.15)
The only other permutation giving a comparable contribution is the one in which ks and k
′
s are
swapped. The remaining 4 permutations of ql, ks, k
′
s lead to subdominant contributions, which
we can ignore. We have
q−2l k
−4
t
(
k2s(ql · k′s)3k2t (kt + k′s) + 2q2l (kt + 3k′s)
+k2sql · ks3k2t (kt + ks) + 2q2l (kt + 3ks)
)
=
3
4
ks(5(kˆs · qˆl)2 − 3) +O(ql). (B.16)
The contribution from qu ≡ k4
Again, using symbolic manipulation in Mathematica, we found
∂2
∂q2u
M4(ql,ks,k′s,qu)qu=0 = 3
q2l
k′2s k
2
t
(kt + ks)ks · k′s. (B.17)
The dominant contributions when qu ≡ k4 will actually arise from another two permutations:
(ks, k
′
s, ql) and (k
′
s, ks, ql). We have
3k−2t q
−2
l (k
′2
s (kt + ks)ks · ql + k2s(kt + k′s)k′s · ql) =
3
4
ks(5(kˆs · qˆl)2 − 3) +O(ql). (B.18)
Summary
After summing up all the permutations, we get ∂
∂q2u
∑
24 perms
M4(k1,k2,k3,k4)

qu=0
∼ 3
8
ks(14(kˆs · qˆl)2 − 13) (B.19)
for ql  ks, k′s.
B.3 Result - the trispectrum contribution
Using (4.22), we get
〈ζqlζksζ−ks〉K ∼ P (ql)P (ks)
[
(1− ns) +O(ql/ks) + 27
16

K
k2s
(
14(kˆs · qˆl)2 − 13
)]
. (B.20)
C EFT Trispectrum in the soft limit
Following [42], we define the trispectrum form factor T as
〈ζ4〉 = 8× (2pi)3δ(3)
(
4∑
i=1
ki
)
Pζ(k1)Pζ(k2)Pζ(k3)
1
k34
T (k1,k2,k3,k4) , (C.1)
where Pζ(k) = 〈ζkζ−k〉′. We will use the results of [42]; the parameters λ and Σ from [42] are
related to cs and c3 in the following way:
λ =
1
2
Σ
(
1 +
2
3
c3
c2s
)
, (C.2)
Σ =
H2
c2s
. (C.3)
Throughout, we assume that cs  1, while c3 ∼ O(1), so that λ ∼ O(c−4s ), Σ ∼ O(c−2s ).
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C.1 The EFT power spectrum
For models with small speed of sound, we have
Pζ(k) =
H2∗
4M2plcsk
3
. (C.4)
C.2 scalar-exchange diagram
The scalar exchange contributes to the trispectrum at order c−4s q2uksP 4ζ . In particular, there
are no terms at 0th or 1st order in the ultralong momentum qu, as has been verified by our
Mathematica scripts. In the computations we outline in this subsection, all contributions that
are subleading in the regime qu  kl  ks are neglected.
The dominant contributions come from the diagrams in which the exchanged momentum is
qu + kl, corresponding to the choices (qu,kl) ≡ (k3,k4) or (qu,kl) ≡ (k1,k2), where (a, b)
stands for an unordered pair. Hence, we only have to sum over 8, rather than 24, permutations
of the momenta.
We also perform a summation over three22 directions of qu that are mutually orthogonal, but
otherwise arbitrary.
There are three types of scalar-exchange diagrams that differ by the type of vertices, shown
on Fig. 3. For the sake of transparency, we consider each of the three cases in a separate
subsection, writing out the partial contributions before presenting the final result.
The p˙i3 × p˙i3 diagrams
These diagrams are given by (B.3) - (B.4) in [42]. It is straighforward to show that the leading-
order contribution to T is
T1 = 9
32
(
λ
Σ
)2
q2uks =
9
128
(
1 +
2
3
c3
c2s
)2
q2uks. (C.5)
After summing over three orthogonal directions of qu,
∑
qˆu
T1 = 27
128
(
1 +
2
3
c3
c2s
)2
q2uks. (C.6)
The p˙i3 × p˙i(∂ipi)2 and p˙i(∂ipi)2 × p˙i3 diagrams
These are given by (B.5) - (B.10) in [42]. By computing ∂2/∂q2u of the sum of the eight relevant
permutations, we can deduce the q2u term. We find, to leading order in ks/kl,∑
qˆu
T2 = 3
128
(
1 +
2
3
c3
c2s
)(
1
c2s
− 1
)
q2uks
(
43− 15(kˆl · kˆs)2
)
. (C.7)
The p˙i(∂ipi)
2 × p˙i(∂ipi)2 diagrams
These diagrams correspond to equations (B.11) - (B.17) from [42]. Again, after summing over
the eight permutations, computing the ∂2/∂q2u derivative, summing over the three directions
and keeping only the terms that are leading order in ks/kl, we get
∑
qˆu
T3 = 19
128
(
1
c2s
− 1
)2
q2uks
(
8− 5(kˆl · kˆs)2
)
. (C.8)
22Of course, the O(q2u) terms are even in ku, so we do not need to average over two opposite directions.
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Summary for the scalar exchange
The total form factor due to scalar exchange is, after summing over angles,23
TSE = 1
8
q2uks
(
α1 + α2(kˆl · kˆs)2
)
, (C.9)
with α1 and α2 that can be expressed in terms of cs, c3. If we keep only the c
−4
s terms, we have
α1 =
(
3
4
c23 +
43
8
c3 +
19
2
)
c−4s , (C.10)
α2 = −
(
15
8
c3 +
95
16
)
c−4s . (C.11)
Then
∑
qˆu
〈ζ4〉SE ∼ (2pi)3δ(3)
(
4∑
i=1
ki
)
Pζ(qu)Pζ(kl)Pζ(ks)
q2u
k2s
(
α1 + α2(kˆl · kˆs)2
)
. (C.12)
The corresponding contribution to the bispectrum on a curved background is
〈ζklζksζ−ks〉′K,SE ∼
3
2
Pζ(kl)Pζ(ks)
(
α1 + α2(kˆl · kˆs)2
) K
k2s
. (C.13)
The above power spectra are evaluated on a flat background. But αi scale as c
−4
s while the
correction to the power spectrum scales as c−2s , so it might be neglected in the regime cs  1.
Then in (C.13) we are allowed to use the curved power spectrum.
C.3 Graviton exchange
Another tree-level contribution to the scalar 4−pt function is the graviton exchange. However,
as we have shown in Section 4, the contribution of the lowest-order operators to the final O(K)
terms in the bispectrum is always exactly zero.
C.4 Contact interaction
There is yet another contribution to the trispectrum that cannot be accounted for in the cubic
action, since it originates from the contact diagram corresponding to the 4−vertex scalar inter-
action. The contact diagram is evaluated in [42]. In the limit cs → 0, the result is dominated
by
Tc1 = 36
(
Cp˙i4 − 9
(
λ
Σ
)2) ∏4
i=1 k
2
i
k5t
. (C.14)
In the double squeezed limit, this gives
〈ζ4〉 c1 ∝
(
Cp˙i4 − 9
(
λ
Σ
)2)
Pζ(qu)Pζ(kl)Pζ(ks)
q2uk
2
l
k4s
. (C.15)
Recall that (λ/Σ)2 ∼ O(c−4s ). For the particular case of DBI inflation, Cp˙i4 also scales as c−4s ;
we assume, for simplicity, that the scaling of the above contribution is always c−4s . There are
also other terms that scale as c−2s and are subdominant in the limit cs → 0. These are the only
contributions to the trispectrum that are linear in qu for small qu (it has been verified in [12]
that these terms reproduce the conformal consistency relation for the 4−pt function).
23The factor of 1/8 is introduced in order to cancel out the factor of 8 in front of T in (C.1).
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Summing up everything, we have (schematically)
〈ζ4〉 c ∼ P 3ζ
[
c−2s
(
qukl
k2s
+
q2u
k2s
)
+ c−4s
q2uk
2
l
k4s
]
. (C.16)
Due to the nonvanishing O(qu) terms, redefinitions of the momenta will influence the O(q
2
u)
terms; but only at order c−2s , not c−4s :
〈ζ4〉 (q2u)c ∼ P 3ζ
[
c−2s
q2u
k2s
+ c−4s
q2uk
2
l
k4s
]
. (C.17)
The first term in the brackets is subdominant in the limit cs → 0 relative to the scalar-exchange
diagram. The second term is also subdominant, having a different momentum dependence than
the leading-order scalar exchange contribution.
In conclusion, the contact interaction gives a negligible contribution to the O(K) correction to
the squeezed bispectrum. The final result for the squeezed limit of the bispectrum in a curved
universe is given by (C.13).
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